SUPERCUSPIDAL CHARACTERS OF REDUCTIVE p-ADIC 

GROUPS 



JEFFREY D. ADLER AND LOREN SPICE 

Abstract. We compute the characters of many supercuspidal repre- 
sentations of reductive p-adic groups. Specifically, we deal with rep- 
resentations that arise via Yu's construction from data satisfying a cer- 
tain compactness condition. Each character is expressed in terms of a 
depth-zero character of a smaller group, the (linear) characters appearing 
in Yu's construction, Fourier transforms of orbital integrals, and certain 
signs and cardinalities that are described explicitly in terms of the datum 
associated to the representation and of the element at which the character 
is evaluated. 
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0. Introduction 

0.1. History. Suppose F is a non- Archimedean local field, G is a con- 
nected reductive F-group, and G = G(F). For simplicity of the present 
discussion, assume that F has characteristic zero. For n an irreducible, ad- 
missible representation of G, let 0^ denote the distribution character of n, 
a linear functional on the space C£°(G) of locally constant, compactly sup- 
ported functions on G. Howe 11351 and Harish-Chandra [29] showed that 
0^ can be represented by a locally constant function on the set of regular, 
semisimple elements of G. We will also denote the representing function 
by 9,. 

A great deal is known about the asymptotic behavior of characters (as 
functions) near singular points. For example, the blow-up of 0„. is con- 
trolled by the fact, due to Harish-Chandra 11301 . that \D G \ 1 ^ 2 6^ is locally 
integrable on G, where Dq is a certain polynomial function on G, the dis- 
criminant of G. From Howe (33 J and Harish-Chandra ll30l . we know that, 
near a singular point, 0„. (composed with a suitable logarithmic map) has an 
expansion in terms of Fourier transforms of nilpotent orbital integrals. More 
recent work has made precise where these expansions hold (see H27U45I for 
a conjecture, EH for the main result, and E] for a generalization); pre- 
sented other expansions, where the collection of orbital integrals involved is 
smaller and depends on vr (see 114714501): or done both (see lffl[Ml23ll37l[38ll). 

Despite the work mentioned above, in most cases, we do not have explicit 
character formulas, even in a limited domain, because neither the orbital in- 
tegrals nor their coefficients are understood explicitly (though see 1171 12011551 
for exceptions). In practice, such formulas usually arise from explicit infor- 
mation about the construction of representations. However, the construction 
methods can be quite complicated. 

Let us restrict our attention to supercuspidal representations. Suppose 
that the residual characteristic p of F is odd. Then earlier work has yielded 
character formulas for all of the supercuspidal representations of SL 2 li53l 
(using the construction in 11521 . which is known to be exhaustive by Il54l ): 
PGL 2 GL 2 ED; GL* ElED; SL< BSD; and division algebras of 
degree I IIT611T71 . In the latter cases, £ is a prime that is sufficiently small 
with respect to p. In addition, one knows the characters of many depth- 
zero representations of unramified groups [1221 (namely, those induced from 
inflations of Deligne-Lusztig representations of associated finite groups of 
Lie type), certain depth-zero character values for Sp 4 (SJ, and inductive 
formulas for characters of division algebras lfl5l . 

An earlier announcement contains formulas for the characters of (nec- 
essarily supercuspidal) representations of the multiplicative group of a cen- 
tral division algebra over a p-adic field. The present paper generalizes these 
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results to the setting of general tame reductive groups over a p-adic field of 
odd residual characteristic, where the construction of J.-K. Yu (see Il65l and 
our © can be used to replace that of Corwin, Howe, and Moy (see, for ex- 
ample, |[T4l 13411441 ). If p is large enough, then all supercuspidals of G arise 
via this construction (see |[39l ). If G is GL n or the multiplicative group of 
a central division algebra over F of index n, then the Corwin-Howe-Moy 
construction is known to be exhaustive even if we assume only that p does 
not divide n (see [1441 ). In [|26l §3.5], Hakim and Murnaghan discuss the 
relationship between this construction and Yu's. 

There are other constructions of supercuspidal representations that make 
no tameness assumptions. These start with H40H41I and presently culminate 
in ll9]- rrTll57ll63l . However, an attempt to use these to compute explicit 
character formulas would require a different approach in order to overcome 
many serious technical difficulties. For example, among many other things, 
we make use of Bruhat-Tits theory and Moy-Prasad filtrations, both of 
which behave poorly under wild Galois descent. 

0.2. Outline of this paper. In order to evaluate the character 6^ of a rep- 
resentation 7r at a regular, semisimple element 7 in G, we require first of all 
that 7 lie near a tame F-torus. If p is larger than a constant determined by 
the root system of G, then all semisimple elements of G have this property. 
Second, we require that 7 be well approximated by a product of good ele- 
ments. Such approximations, called "normal r-approximations", are analo- 
gous to truncations of expressions of elements of F x in the form 

00 

e mo w d ■\\{l + e m ^w i ), 

i=l 

where w is a uniformizer of F and e is a root of unity in F of order co- 
prime to p. From Lemma 8.1 of [6], we see that many tame elements of G 
have such an expansion. Under mild hypotheses, which are always satis- 
fied when G is an inner form of GL n , all tame elements of G have such an 
expansion. The expansions we require, together with their basic properties, 
are discussed in O. The reader may find it particularly convenient to have 
at hand the statements of Lemmata 5.29 and 5.32, Proposition 5.40, and Re- 
marks 6.7 and 6.10 of loc. cit. (Analogous approximations, with analogous 
properties, exist for elements of the Lie algebra of G. The proofs are similar 
to, but easier than, those in loc. cit.) 

After presenting our basic notation in §Q3 we outline (in © Yu's con- 
struction of supercuspidal representations (see If65l0 . Briefly, Yu starts with 
a sequence (G° C • • • C G d = G) of reductive groups, together with (an 
inducing datum for) a depth-zero, supercuspidal representation n' of G°, a 
character 0; of each G l , and a point x in the reduced building of G° over 
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F, all satisfying certain properties. He then constructs inductively, for each 
i — 0, . . . , d, a smooth representation p\ of an open compact modulo center 
subgroup of G % such that the representation 7Tj of G % induced from p\ <g> 0j 
is irreducible and supercuspidal. 

We will assume for the remainder of this subsection that d > and 
G d ~ 1 /Z(G) is F-anisotropic. (Notice that the latter hypothesis follows 
from the former if G is F- anisotropic, or if G is GL^ or SL^ with t a prime.) 
The reason for this assumption is that we require very precise control over 
the behavior, with respect to a given Moy-Prasad filtration, of certain com- 
mutators (see, for example, Propositions |4.3| and |5.3.2| ). Since the computa- 
tion of the character of n requires the evaluation of an integral formula (see 
(16.51) ) involving arbitrary conjugates of the element in which we are inter- 
ested, we cannot guarantee this good behavior for arbitrary groups G^ -1 ; 
but it does occur when our compactness condition is satisfied (see Corol- 
lary 14.51) . Even without the compactness condition, we can still compute 
the character values at many points of a representation r = r d induced from 
p' d (g> <pd to a large open compact modulo center subgroup of G (see (In 
our situation, the representation of £j2] is equal to 7Tj for < i < d.) 

Since Weil representations over finite fields play an essential role in Yu's 
construction of supercuspidal representations, in §|3] we compute some of 
their characters at certain elements, following Gerardin (see [25]). 

After the Weil representation computations, our character computations 
broadly follow the strategies pursued in [17] and lfT9l , both of which rely 
on vanishing results to cut down the support of the relevant characters. In 
IfTTI , these vanishing results are approached by computing first not the full 
induced character, but rather the character of a representation induced to 
a smaller open and compact modulo center subgroup. For us, this is the 
representation a { defined in $21 The desired vanishing results are discussed 
in £jH where we use the fact that the character of Oi transforms by a linear 
character near the identity (see Corollary 14.61) to prove Proposition 14 .3 1 

In $5] we compute the character of ex,, using the results of $4]to cut down 
the class of elements we must consider. Although Proposition [533] is the 
result that is used most often in the sequel, the heart of this section is really 
Proposition |5.3.2[ The proof of this result involves fairly intricate manipula- 
tions of the Frobenius formula (see [[561 ), based on our detailed understand- 
ing of the behavior of taking commutators with an element 7 (see [6, §7]). 
Historically, supercuspidal character formulas (specifically, Theorem 4.2(c) 
of 03. Theorem 5.3.2 of OH, and Theorem 4(2) of H) have involved 
Gauss sums in some form. These sums also appear in the present setting, 
but in disguise. We devote §5.2l to recognising and computing them. 

With vanishing results in place for this partially induced representation, it 
becomes easier to describe the character of the full induced representation. 
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After proving a few results (Lemmata l6. 1146.31) to show that certain naturally 
arising integrals converge, we compute the full character in Theorem 16.41 
using Harish-Chandra's integral formula. 

The construction of ll65l is inductive, in the sense that an inducing datum 
for 7Tj is constructed from an inducing datum for 7Tj_i and some additional 
data. This means that, in order to compute the character of n = iid, we 
focus on explicating the relationship between the characters of iid-i and iid 
(or, in the notation of $21 r d -i and To). Theorem [64] is actually a statement 
about this relationship. Accordingly, the groups G* and representations 7^ 
for < i < d — 1 play no explicit role in our calculations until §71 where 
we unroll the inductive computations of §§3H6]to obtain an explicit formula 
for iid in terms of the original datum. 

The result of this unrolling is contained in Theorem 17.11 Applying the 
inductive formulas of the preceding sections, we obtain there a formula for 
Q w = 7rd in terms of the character of n' , the (linear) characters (pi, and 
Fourier transforms of certain orbital integrals. (If G^ 1 / Z '(G) is not F- 
anisotropic, then we compute instead the character of r = in terms of 
essentially the same data, but with p' Q in place of ir' .) Also appearing in 
the character formulas are some explicitly defined positive constants (the 
numbers c(0, r )' <r ) of Theorem 17 .11 ) — essentially the square roots of cardi- 
nalities of certain quotients of filtration subgroups of G — and signs e(<f>, 7) 
and (25(0, 7) — computed in Propositions l3.8l and l5.2.13l in terms of the root 
system of G and various fields associated to the representation n and to the 
element 7. 

Thus, we obtain formulas for evaluating, at many points, many supercus- 
pidal characters of many groups. 

0.3. Future goals. Our hypotheses are weak enough that, in the case of 
"tame" division algebras, i.e., those of index coprime to p, we can evaluate 
all characters at all points. In this case, the presence of considerable addi- 
tional structural information (and fine control over conjugacy, thanks to the 
Skolem-Noether theorem) allows us to make the formula of Theorem 17.11 
more explicit. In the process, we will correct an error in Theorem 4 of 
(some of whose corollaries remain valid). This will be carried out in future 
work. 

Work of Henniart (see IjBTTl ) has suggested that it is valuable to be able to 
recognise a representation given only the values of its character in a certain 
domain. Theorem 17.11 may be sufficiently explicit to allow us to describe 
a domain for which this can be done (at least, if we restrict ourselves to 
appropriate supercuspidal representations). This would nicely complement 
E6l Chapter 6], which describes another way of identifying supercuspidal 
representations. 
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The stability calculations of [[22] proceed from Proposition 10.1.1 of loc. 
cit., a "reduction formula". We have modelled our Theorem 16.41 after this 
reduction formula, and believe that the similarity of statements should pro- 
vide a guide to stability calculations for positive-depth supercuspidal repre- 
sentations. 

0.4. Acknowledgements. This work could not have been completed with- 
out the notes of the late Lawrence Corwin, written in collaboration with 
Paul Sally, on their computation of characters of division algebras. The 
work was actually begun by Allen Moy and Paul Sally, who computed, in 
lfT6ll . the formal degrees of representations of division algebras and general 
linear groups. Our §5 .H is translated from these notes, with the notation and 
techniques adapted to our present setting (in particular, using the tools of 
O). The general strategy of our work was also suggested by these notes. 

This work has also benefited from our conversations with Paul Sally, 
Gopal Prasad, Stephen DeBacker, Brian Conrad, and J.-K. Yu, and from 
the referee's comments. It is a pleasure to thank all of these people. 

1. Notation and preliminaries 

1.1. Generalities on fields and linear reductive groups. Let t = t U 

{r+ | r e l} U {oo}, and extend the order and additive structures on M to 

ones on K. in the usual way (see, for example, [[6l §3.1]). For F a finite field, 
let sgn F denote the character of F x with kernel precisely (F x ) 2 . 

If F is a valued field with valuation ord, and r e M> , then let F r denote 
{t E F | ord(t) > r}. Then the residue field f = fp of F is the quotient 
F /F 0+ of F by F 0+ . We will identify functions on F that are trivial on 
F 0+ with functions on f . In particular, if f is finite, then we have the function 
sgn f on F . 

From now on, assume that F is locally compact, and that the character- 
istic p of its residue field f = fp is not 2. Fix an algebraic closure F of 
F, and let F un and F sop denote the maximal unramified and separable ex- 
tensions of F in F. Since F is Henselian, there is a unique extension of 
ord to each algebraic extension E/F (in particular, to F/F), which we will 
denote again by ord. 

Fix a square root of — 1 in C, and an additive character A of F that is 
trivial on F 0+ and induces on f = F /F 0+ the character t i— > exp(27r^/— I trf/ Fp (t)/p), 
where F p is the finite field with p elements. We may, and do, write again A 
for the resulting character of f#, for any discretely valued algebraic exten- 
sion E/F. Except in $5] we will be concerned only with the restriction to F 
of A. All Fourier transforms will be taken with respect to A. The particular 
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choice of square root will be of interest only in the statement of Proposition 



If we denote an algebraic F-group by a bold, capital, Latin letter, such 
as H, then we will sometimes denote its Lie algebra by the corresponding 
bold, small Gothic letter, such as h. We will denote sets of rational points 
by the corresponding non-bold letters, such as H and h. 

For any set S C X, we denote by [S] the characteristic function of S. 
(The "universe" X will be understood from the context.) If S is finite, then 
we denote by | | its cardinality. If H' C H are groups and / is a function 
on H'\H, then J2 geH '\Hf{9) will be shorthand for J2 H ' g eH'\H /(#'#)• 
Similar notation will be used for sums over double coset spaces. 

Let G denote a reductive F-group. For the moment, we do not assume 
that G is connected. Let G° denote the identity component of G. Write g* 
for the dual Lie algebra of G, i.e., the vector-space dual of g. 

Suppose that X* E g* is semisimple, in the sense that it is fixed by the 
coadjoint action of some maximal torus in G. Any C7-equivariant identifi- 
cation of g* with g carries X* to a semisimple element of g (in the usual 
sense), so one knows that G/Cc(X*) carries an invariant measure, say dg, 
and that the integral 



converges for / G C^°(g*). Thus we may define a distribution fix* on g by 



By Theorem A. 1 .2 of 01, fix* is representable by a locally constant function 
on the regular semisimple set in g. We may, and do, sometimes regard 
fix* as defined by an integral over G/Z, where Z is any closed cocompact 
unimodular subgroup of Ca{X*). By abuse of notation, we will denote 
again by fix* (or PSc* , if we wish to emphasize the ambient group G) the 
representing function. Notice that this function depends on the measure 
chosen. 

If M is a Levi (not necessarily F-Levi) subgroup of G, then, as in ll65l 
§8], we identify the dual Lie algebras of Z(M) and M with the fixed points 
in the dual Lie algebra of G for the coadjoint actions of M and Z(M), 
respectively. 

1 .2. Hypotheses. Assume now, and for the remainder of the paper, that G 
is connected, splits over some tame extension of F, and satisfies Hypotheses 
(B) and (C) of 0. By Remark 2.2 of loc. cit, Hypotheses (A) and (D) 
follow from the tameness of G. Thus, we may apply all the results of J6]|. 
In some places, we also assume Hypothesis 12.31 
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1.3. Buildings and filtrations. For any algebraic extension E/F of finite 
ramification degree, let £> red (G, E) and B(G,E) denote the reduced and 
enlarged Bruhat-Tits buildings of G(E), respectively. Then B(G, E) is the 
product of £> rcd (G, E) and an affine space. For a point x E B(G, E), let x 
denote the image of x under the natural projection to £> rcd (G, E). 

If if is a closed subgroup of G and x E B(G, F), then we will abbreviate 
H R stabc(x) to stab#(x). Note that, in this notation, x is an element 
of £ red (G, F), not £ red (H, F), even if H = H(F) with H a compatibly 
filtered F-subgroup of G (as in Definition 4.3 of flU) and x E £>(H, F). 
Of course, if further Z(H)/Z(G) is F-anisotropic, then actually there is no 
ambiguity, since we may regard £> red (H, F) as a subcomplex of £> rcd (G, F). 

Suppose T is a maximal F-torus in G. Then we let $(G, T) denote the 
set of roots of T in G, and put $(G, T) = $(G, T) U {0}. For each root 
a E $(G, T), let Lie(G) Q and U Q denote the corresponding root space 
and root group, respectively. If a = 0, then put Lie(G) a = Lie(T) and 
U a = T. If T is F-split, then there are associated to T an affine space 
-A(T) under X*(T) ®^ M, the lattice of cocharacters of T (tensored with 
W), and an embedding of ^4(T) in B(T, F). For us, an affine root will be 
either an affine function ip on .4(T) whose gradient ip belongs to $(G, T), 
or a function of the form ip+ : x i— > ip(x)+ with ip as above. For each affine 
root ip, we have a compact subgroup F U^ of and a lattice pu^ in g^. 
Note that other authors reserve the term "affine root" for an affine function 
ip such that ip E $(G, T) and F U^ ^ F U^+. 

In [451 §§2.6, 3.2] and §§3.2-3], Moy and Prasad have defined, for 
each x E B(G, F), filtrations (G x . r ) rm ^ , (g X! r) r m, and (g* >r )r6R of G by 
compact open subgroups, g by lattices, and g* by lattices, respectively. We 
extend these filtrations in the usual fashion to be defined for all r E K (or 
r E M>o, in the case of the filtration on G). If x E B(G, F) and g E G Xj0 , 
then we let d x (g) be the greatest index t such that g E G Xtt . We define 
similar functions on g and g* (not just g Xj0 and g* ), and denote them also 
by d x . 

If a group Q has a filtration {Qi)i^i, then we shall frequently write Qi-j 
in place of Gi/Qj when Qj C Q { (even if the quotient is not a group). For 
example, we put F r:t = F r /F t , U^ 2 = U^JU^, and G x , r:t = G x , r /G x ^ t 
for r < t (and r > 0, in the last case) and for affine roots ipi and ip 2 such 
that ip! = %p2 and ipi<ip2- 

By Proposition |A.8[ for each finite, tamely ramified extension E/F, 
tamely ramified maximal F-torus T, and point x E B(G, E) (respectively, 
x E B(G, F)), we have maps e x t . u and e T x satisfying Hypotheses |A. 1 1 and 
IA.71 We write e x j-. u for e xt . u ■ If the choice of T is unimportant, then we 
will sometimes write e x for eT, x - 
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In Definition 5.14 of [6], following ll65l §§1-2], we defined, for T a tame 
maximal F-torus, filtration subgroups tG x j of G associated to a pair (x, /) 
consisting of a point x G B(T,F) and a Gal(F sep /F)-invariant concave 
function / on the root system of T in G (see Definition 5.7 of O). It 
will be convenient here to define filtration lattices T Lie(G) x j in g in the 
analogous fashion, by 

T Lie(G%,/ := ^ n , 

where E/F is a tame splitting field for T, the sum is taken over those affine 
roots ip of T in G with ip(x) > f(ip). (In Definition 5.14 of [6], we had to 
take considerable care — for example, intersecting with some G x r$ instead 
of just with G, since parahorics tend to behave badly under ramified descent; 
but, since Lie algebra filtrations are considerably better behaved (see, for 
example, Proposition 1.4.1 of [HI), such care is not necessary here.) 

If (T, G) is a tame reductive F-sequence in G, in the sense of Defini- 
tion 5.1 of H, and r is an admissible sequence, in the sense of Definition 
5.8 of loc. cit. (with associated concave function then, by analogy 

with the definition G x s = T G X of Definition 5.14 of loc. cit., we put 
Lie(G) Xj f = t Lie(C7) Xi / d _ . It is shown in Lemma 5.20 of loc. cit. that 
G x fis independent of the choice of torus T. The proof of the analogous re- 
sult for Lie(G) Xji f is, except for minor changes, the same. For convenience, 
by abuse of notation, we will often write Lie(iG x j) in place of T Lie(G) x j 
and Lie(G x f) in place of Lie(G) Xj ? . 

1.4. Normal approximations. We now define some basic concepts that 
will be needed in what follows. Since the definitions do not necessarily 
give the full flavor of what is going on, we give a "pictorial" example in 
Example 1 1.4 .21 and describe a detailed computation in ^1.51 

If t G K and 7 = (ji)o<i<t is a good sequence in G (in the sense of 
Definition 6.4 of [6]), then put 

^ } (7)=(n Cb(7i))°, 

0<i<t 

and 

c£\ 1 ) = Cg( 1 )(F). 

In particular, Cq (7) = G if t < 0. Note that the intersection defining 

Gg(i) i s really a finite intersection if t < 00 (and, if t — 00, then we 

have that Cq (7) = C^\^) for t' G K sufficiently large). We say (as 
in Definition 6.8 of loc. cit.) that 7 is a normal t- approximation to an 
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element 7 G G if there is an element x G B(Cq (y),F) such that 7 G 

(rio<i<t 7i)^G wW • Sometimes, we will say for emphasis that (7, x) is 
a normal t-approximation. In this case, we put 

Cg ) (7) = cg ) ( 2 ) 

4* ) (7)=4* ) (7), 
4 ) (7)=^(Cg ) ( 7 )), 

and 

4 t) (7) = 4 ) (7)(^)- 

By Proposition 8.4 of loc. cit, these groups are all independent of the choice 
of normal t- approximation to 7. Note that, if t' G R and i' < t, then 7 is 

also a normal t'-approximation to 7, so the notations Cq (7) and ; (7) 
are defined; and we have that Z { £\j) C zg } ( 7 ) C 6^(7) C Cg' 3 ^). 

We will also write j <t = rio<i<t 7« an( ^ 7>* = 7<t7 ( so mat ' w i m me 
point x G B(Cq(j),F) as above, we have j> t G Cq (j) x ,t)- These ele- 
ments should be thought of as the "head" and "tail" of 7, respectively. By 

Corollary 6.14 of loc. cit, Cf$(y) = C G (7<t)°- Although the head and 
tail are not independent of the choice of normal t-approximation to 7, they 
are usually "well determined enough" (as described precisely in Proposition 
8.4 of loc. cit.) that we need not specify the choice. 

If t > 0, then we put B t {j) = {x G 6(^(7), F) | d,( 7 > t ) > t}. By 

Lemma 9.6 of loc. cit., this is uniquely determined, even though 7> t is not. 
(An analogous set can also be defined when t = 0, as in Definition 9.5 of 
loc. cit; but we do not need this.) Since d^T*) > % for < % < t and x G 
B(Cg\i)i f ) n particular, for x G St (7)), we have that ^(7) C ^(7) 
whenever t' G R>o and £' < £. 

If £ G M>o and 7 G G has a normal t-approximation, then, in the notation 
of Definition 5.14 of [H, we put G = (Qs (7))o<*<t and s = (i/2)o<t<t> 
and write [7; x, £] = G X) g. 

We will also need various "truncations" [7; x, £]^ of [7; x, £], as in Def- 
inition 9.3 of loc. cit. These arise by taking only those terms in G and s 
above with < i < 2j. We will append a subscript G' (writing instead 
[7; x, £] G , or [7; x, tig?) to indicate that we are constructing the analogous 
object, but inside the ambient group G', rather than G. 

Definition 1.4.1. If G = (G°, . . . , G d = G) is a tame reductive sequence 
in G, in the sense of Definition 5.1 of 0, and f = (r , . . . , r d ) G R^q 1 , 
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4 2+) (7),,2 = 4 3) (7),,2 

4 1+) (7),, f = 4 2) (7),,| 

4° +) (7).,8 = 4 1) (7),,8 

^,2 = 4 0) (7U 



Figure 1 . Illustration of [7; 2, 7] in Example dA2| 
then we write T(G, r) for the set 

{ 5 E G I 5 has a normal r<i-i- approximation and <5< ri G G l for < i < c?}. 
(Note that is a "dummy number" that has no effect on the resulting set 

r.) 

Example 1.4.2. Suppose that 7 has a normal oo-expansion (7i)j>o with the 
property that 7^ = 1 when i £ Z or i > 3. Thus, 7 = 70717273- Then 
the group [7; x, 7] is a product of various filtration subgroups of centralizer 
subgroups of G. (See Figure [T]) The larger the centralizer subgroup that 
is involved, the deeper is the filtration subgroup that appears. The group 
[7; x, 7}^ corresponds to the region between the vertical dotted lines in 
Figured! 

1.5. Example computation of [7; x, r]. We give an extended example to 
illustrate how to compute normal approximations and groups [7; x, r] in 
practice. This involves a considerable amount of notation, all of which 
should be regarded as being in force for this subsection only. 

Suppose that G = GL(V) for some finite-dimensional F-vector space 
V. Let 7 be an element of G = GLp(V). Suppose for simplicity that 7 is 
compact and semisimple. We describe a recipe for computing the leading 
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term in a normal approximation to 7. This gives an inductive recipe for 
computing a normal approximation to 7, from which falls out an explicit 
description of Cg (7), B r (j), and [7; x, r] for r G M> . (Although we do 
not do so here, it is very easy also to compute the group [7; x, r] occurring 
in Definition 9.3 of O from our description.) Remember that we write 
[7; x, rJ G rather than just [7; x, r], and £> r G (7) rather than just B r (j), when 
we wish to emphasise the ambient group. 

Note that, in general, there is no canonical choice of normal approxima- 
tion. This is reflected in our recipe in the fact that we have to make some 
choices (namely, of a field L and a uniformizer vjl of L). The point is that, 
as remarked earlier, the groups (7) and [7; x, r], and the set B r (^y), are 
nonetheless well defined. 

For A G (F scp ) x , write E X (V) for the minimal 7-stable F-subspace of 
V such that the action of 7 on V/E X (V) does not have A as an eigen- 
value. Then E X (V) = {0} unless A G (F scp ) x ; E X (V) = E aX (V) for 
a G Gal(F scp /F); and V = © Ae(i ^ P) x E X (V), where (F scp ) x is a set 
of representatives for the action of Gal(F sep /F) on (F scp ) x . We have for 
A G (F scp ) x that E X (V) carries the structure of an F [A] -vector space, where 
A acts by 7. 

Put T = Z(Cg(7)), so that T = T(F) is the set of all g G GL F (V) that 
act on each E X (V) as scalar multiplication by an element of i ? [A] x . Note 
that T is maximal if and only if 7 is regular. Assume further that 7 is tame, 
i.e., that there exists a finite, tamely ramified, Galois extension L of F that 
contains all of the eigenvalues of 7. Then T is an L-split, hence tame, torus. 

We now choose, for each d G M>o, a set of coset representatives 
for Lj. d+ as follows. Let vul be a uniformizer of L such that w e ^ L ^ F ^ G 
F . Write A for the set of absolutely semisimple elements of Lq (that is, 
elements whose order is finite and prime to p). If d > and Ld = Ld+, 
then put Ad = {I}. If d > and Ld 7^ Ld+, then there is some integer k 
such that vj\ G Ld \ Ld+. Put A^ = { 1 + Aoro^ | Ao G A }. It is easy to 
verify that, for any d G IR>o and A G A^, the stabilizers in Gal(L/F) of A 
and \Lj + are the same. 

Let d be the least index i G IR>o U {00} such that E X (V) 7^ for some 
A G Lf . Then d = d(7). If d = 00, then 7 = 1; so we assume that d < 00. 

Put Ga = Rf[ X ]/f GL(E x (V)). Then there is a natural isomorphism 
of riAeA d Ga with Cg(T), hence a natural injection of it into G. Cor- 
responding to this injection is an injection of £>(riAeA d Ga, F), hence of 
Y[ X( z Ad B(G x , F), into B(G,F) with certain properties (see Proposition 
2.1.5 of Il42l or Proposition 4.6 of (61 for details). We will regard these 
injections as inclusions. 
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Remember that we have chosen a set of representatives for L d . d+ . For 
A G L d , write s\ for the element of A d n \L d+ . Let ^ d be the element of 
GLp(V) that acts on E\(V) by scalar multiplication by s\ E F[A] for all 
\ E L d . We claim that 7^ G is good, in the sense of Definition 6.1 of 
0. Indeed, if a G $(G, T), then we have that a(jd) = S\Sy for some 
A, V 6 Lj. Suppose that a(7d) G Since s A and s;y are elements of a 
set of representatives for L d . d+ , we have that s x = sy, hence that a (7^) = 1, 
as desired. 

Further, 7 = j d (mod T d+ ). Thus, (7^) is a normal (c?+)-approximation 
to 7. Put 7 >( i = 7^ 7 G GLp(V). By abuse of notation, we will also write 
7 >rf for the restriction of this element to any space E X (V). 

The groups (7) and [7; x, r], and the sets £^(7), look different de- 
pending on the relative values of r and d. For "small values" of r, we have 

c4 r) ( 7 ) = G forr<d, 

and 

lT,x,rJ G = GL F (V) X , 0+ forr < d+ and x E £(^(7), F). 

For "large values" of r, remember that we have identified FLeAd ^(Ga, F) 
with a subset of B(G, F). If x E B(G, F) lies in this subset and A G A d , 
then we will write x\ for the image of x under the natural projection to 
B(G\, F). With this notation, we have 

4 r) (7)= IK^) forr>rf, 

\£A d 

Bf{l)= i[B^( 1>d ) for r>d, 

xeA d 

and 

lr,x,rJ G = G x ^ d)/2 - Y[ b>d,x x ,r} Gx for r > d+ and x G B(C§ ) (7), F). 

xeA d 

In particular, 

^ +) (7) = n °a 

AeA d 

and 

^ G (7)= ]^[ B(G X ,F). 

AeA d 

Although the recipe given always works, it can result in normal approx- 
imations with more non-1 terms than necessary. In practice, it is usually 
easy to find a shorter normal approximation to a given element of G. We 
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illustrate this in case V = F 3 , so that G = GL 3 (F). There are too many 
cases to consider them all, so we give only a few representative examples. 

If 7 is regular elliptic, then we have that T is isomorphic to the multi- 
plicative group of a cubic extension of F. If 7 ^ Z(G)T d+ , then (7) is a 
normal oo-approximation to 7. If there exists r G K with r > d such that 
7 G Z(G)T r \ Z(G)T r+ , say 7 = zt with 2 G Z(G) and t G T r , then (z, t) 
is a normal oo-approximation to 7. 

If 7 is neither split nor regular elliptic, then we may write V = V © V", 
where V and V" are 7-stable F-subspaces of V of dimensions 1 and 2 
respectively. Write 7' and 7" for the restrictions of 7 to V and V", respec- 
tively; G" for GL F (V"); and T" for Z{C G »(i')). When convenient, we 
will abuse notation and consider an operator on V to be an operator on V 
that acts trivially on V" (and vice versa). Since 7' is an operator on a 1- 
dimensional vector space, it acts as multiplication by a scalar A'. We divide 
this case into subcases depending on which of 7' and 7" has depth d. 

• Suppose that 7' and 7" both have depth d. If 7" £ Z(G")T d ' + , then 
(7) is a normal oo-approximation to 7. On the other hand, if 7" G 
Z{G")T'^ then A'~y G Z(G")T£_. Since 7 is not split, there 
exists reR with r> d such that A'~V G Z"(G")T r " s Z(G")T r " + . 
Write A'~V = z"t with z" G Z(G") and t G T". If z" has depth d, 
then (X'z", t) is a normal oo-approximation to 7. If d < d(z) < r, 
then (A', z", t) is a normal oo-approximation to 7. 

• Now suppose that 7' has depth d and 7" has depth s > d. Since 7 is 
not split, there exists r6i with r > s such that 7" G Z{G")T" \ 
Z(G")T" + . If r = s, then (7', 7") is a normal oo-approximation 
for 7. If r > s, then we may write 7" = 2"t with 2" G Z{G") and 
£ G T r " \T" + , in which case (7', z", t) is a normal oo-approximation 
for 7. 

• The subcase where 7" has depth d and 7' has depth greater than d is 
straightforward, but involves several sub-subcases, so we omit it. 

There remains the case when 7 is split. This is handled similarly, but the 
plethora of possibilities for depths and congruences among various eigen- 
values makes it impractical to give a complete list. 

1.6. Representations and characters. Recall that, if n is a smooth ad- 
missible representation of G, then the character of n is a distribution on 
G. From work of Harish-Chandra [|29l and G. Prasad [4, Appendix B] (see 
also Corollary A.l 1 of [fi2l ). this distribution is represented on the regular 
semisimple set in G by a locally constant function. As mentioned in §0.1 [ 
we will denote by 6^ both the function and the distribution. If H is an 
open subgroup of G and p is a finite-dimensional representation of H, then 
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we will often denote by 9 p the function h t— > tr p{h) on H, and by 9 p the 
function on G that is equal to 9 p on i/, and to on G \ if. 

2. Review of J.-K. Yu's construction 

We review here the construction of supercuspidal representations found 
in [|65l . The terminology of this section will remain in force throughout the 
remainder of the paper. 

If is a character of G and x E B(G,F), then denote by d x (4>) the 
smallest index d E IR> such that <p is trivial on G Xy d+ ■ 

Definition 2.1. A cuspidal datum is a quintuple £ = (G, 0, r, x, p ), where 

• G = (G°, . . . , G d = G) is atameLeviF-sequence, and Z(G°)/Z(G) 
is F- anisotropic; 

• re lies in B(G°, F), and x E B md (G°, F) is a vertex; 

• r — ( r 0; • • • 5 r d) is a sequence of real numbers satisfying < r < 
■ • • < r rf _! < r d and r > if d > 0; 

• 4> = (0o, • • • , 4>d), where, for each < i < d, <pi is a character of 

such that d !r (0 i ) = fj and <^ is G 4+1 - ( genenc relative to x (in the 
sense of fl65l §9]), and d a; (0 d ) = r d , or d = 1 and r d = r d _i; 

• p' is an irreducible representation of stabGo(af) whose restriction to 
G° x o contains the inflation of a cuspidal representation of G x 0:0+ . 

For the remainder of this paper, fix a cuspidal datum S, with associated 
notation as above. For < i < d, we have the following objects associated 
toE: 

• non-negative real numbers Sj = r»/2; 

• subgroups 

K* = stab G o(x)(G°, . . . , G^^o+.so,...,^) 
and (for i > 0) 

J — [U , Cr ^.(ri-i.si-i), 

and 

— ICr , ; a :,(ri_i ) Si_i+)5 

• representations p^ of F* (see Remark [2i2l) ; and 

• irreducible supercuspidal representations 7Tj = Ind^<(/^ ® 0j) of 
depth Ti, in the sense of ll46l §3.4]. 

In particular, 7r = Ind^ abc0 ^ p ® O is a twist of a depth-zero irreducible 
supercuspidal representation. Since our calculations offer no new informa- 
tion about depth-zero supercuspidal representations, we assume throughout 
that d > 0. 
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Remark 2.2. In ll65l §11], for < i < d, Yu constructs a canonical repre- 
sentation fa of stab G i(x) x J t+1 . (However, by Proposition 3.26 of E6ll . 
one actually has considerable freedom in constructing this representation.) 
Then, by 11651 §4], p' i+1 is the push-forward of fa <g> ((p- (g> fa) k 1) along the 
map K* k J i+1 — > K\J i+1 = K i+1 . 

For < i < d, write again fa for the character of G l x s . +:r . + induced by 
fa. Then there is an element X* G Q l x *- n such that 



o e x , Si+ -r i+ \ , = A o X* 



(Note that the right-hand side makes sense as a map on q 1 x s . + . n+ , because 
X*(g x r . + ) C F 0+ C ker A.) By the definition of genericity, we have X* G 

i(d l )*x-ri + Q x *{- ri ) + - Note that X* is determined only up to translation by 

i* 

Vx,—Si • 

For the results of §5.21 we require a hypothesis on the elements X* that is 
a weaker version of Hypothesis C(G) of [|26l §2.6]. In particular, by Lemma 
2.50 of loc. cit., it holds whenever G = GL n . 

Hypothesis 2.3. X* G + gj+i* for < i < d. 

This hypothesis is used only in the proofs of Corollaries 15.2.61 and 15.2.91 
to allow the invocations there of Lemma 14. 1 1 These results, in turn, are 
necessary only for the computations of Propositions 15.2.121 and 15.2. 131 If 
the hypothesis were dropped, then we could still prove a version of Theo- 
rem [7]T] but it would involve the undetermined quantity 0(0, 7) (see ^5.21) , 
hence be less explicit. 

By Proposition 5.40 of 0,stab G i(x)G :CjSi+ = st&b & (x)(G\ G) x> ^ i+>Si+ y 
We denote by fa the character of st&b G i(x)G XjSi+ that agrees with fa on 
stabci(x) and is trivial on (G\ G) x r r . +)Si+ ). (In particular, fa is trivial on 
G x ,r t + •) If we write again fa for the induced character of G x ^ i+ ., r . i+ , then 
we have that 

fa o e x ^ +:n+ = A o X* 

as maps on Q x , Si+:ri+ ■ 

In order to study the various m via induction in stages, we put K ai = 

stabGi-i(x)G x 0+ and <jj = Ind^^ p- for < i < d. Since we cannot yet 
compute the character of the full induced representations %i in all cases, we 

will sometimes consider instead the character of Tj := Ind^f G8 p'i®fa = 
Ind stab Gi (aO a . 0. for < i < d. 
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Since we will need to use induction on the length d of S, we abbreviate 
G' = G^ 1 (and G = G'(F)). Further, we put 

r = r d _i, s = s d -i, 4> = X* = X* d _^ <j> = <j> d _ u = d _ 1( 

K = K d = stab G !o(x)G ! a . ) (o + , SO) .„, 8< ,_ 1 ) ! 
if CT = if CTd = stab G /(^)G ;Ci o+, 

J = J d = (G', G) Xj ( r:S ), 
J+ = J+ = (G , G^a; I (r,s+), 



and 



p' = p' d , a = a, = Ind^ p', r = r d = Indjf 



7i = 7i d = Ind£ (<r 



a 



That is, omitting a sub- or superscript i will be the same as taking i = 
d, except for r, s, <p, X*, <p, and 0, where it will be the same as taking 
i = d — 1. The "basic ingredient" in our character formula for n will be 
7Tq := Ind^o Pq, a depth-zero supercuspidal representation. 
Finally, put p = Ind^ ab<3 ' ^ K p'. 

Lemma 2.4. For k E if d_1 and j G J, 

W) = ^#xj)^ 1 W. 

Proof. By the Frobenius formula, 

g£K\ stab G ; (a^K 

We may, and do, actually regard the sum as running over (Kf]stab G / (x))\ stabc (x). 
Note that, by Lemmata 5.33 and 5.29 of ®, 

if fl stabc(x) = stabGo(x)G Xj ^ fl stabc</(x) 

= stab G !o(ac)G a . ) s(d_i) = K d ~ x 

(where s = (0+, s , • . • , s d _ 2 , s d _i) and s(d- 1) = (0+, s , . . . , s d _ 2 , oo).) 

Fix g E stab(j/(x). By Corollary 5.21 of [0, stab G /(x) normalizes J. In 
particular, 9 j E J. Since J C K, we have that G if if and only if 

9 k E K, i.e., if and only if 9 kEKn stabo'(x) = K d ~ l . Therefore, either 

(1) 9 (kj) £ K, so 9 k £ K d -\ and 

e P >{ 9 {kj)) = o = etfk x 9 j)9 (/d _ 1 U 9 k)\ 

or 
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(2) ff(jy) G K, so ^ e K d -\ and, by RemarkO 

Since is a representation of stab G / (x) x J, its character has the same value 
at 9 k k 9 j = gtKl (k x j) as at k x j for all g G stabc'(x). 
Thus 

where both sums run over those cosets in stabc(x) containing an 

element g such that 9 A; G K d ~ l , and the last equality comes from another ap- 
plication of the Frobenius formula and the fact that r (i _ 1 = Ind Pd_i® 

0. □ 

Lemma 2.5. ReSj* b<? K p an J Res^ r a are (^-isotypic, and Res^* ^ r 
w 4>d-isotypic. 

Proof. The statement about the restriction of p follows from our Lemma 
I2.4[ and Theorem 1 1.5 of ll65l (reproduced as Theorem 13 .41 below) . For the 
statement about the restriction of a, fix j G , and remember we have 
the Frobenius formula 

*,(7) = E 

gGstab G / (x)K\K tT 

We may, and do, choose coset representatives g in the sum belonging to 
G X: o + , so that 9 7 = 7 (mod G x ,r+)- By the first statement, G X)r+ C ker p. 
Therefore, Res^ 17 a is p-isotypic, so the second statement follows from 
another application of the first statement. 

Similarly, for 7 G G XyT+ , we have that 9 7 G G^^ , hence that 9 a ( 9 l) = 
deg(cr)0( 9 7) = deg(cx) (by the second statement), for g G stabo(^). Thus 

Or(l) = Ml) E ^("7) = [stab G (Sc) : deg(a)0 d ( 7 ), 

and the third statement follows. □ 

3. Characters of Weil representations 

In this section, we make Lemma l2~4l more explicit by computing the char- 
acter of the representation <fi appearing there. We begin with two general 
results on extensions of finite fields. These will be useful in this section, 
and in ^5.21 
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In this section, if B is a non-degenerate bilinear or sesquilinear form on a 
vector space V over a field F, then we will write det B for the determinant 
of the matrix of B with respect to some fixed but arbitrary basis of V . Since 
changing the basis does not change the square class of the resulting deter- 
minant, it will not be necessary for our purposes to specify the particular 
bases chosen. 

Lemma 3.1. Let 

• E/F be a degree-n extension of odd-characteristic finite fields, 

• t]q an element o/Gal(E/F) with rfo = 1, and 

• A the determinant of the r]Q-Hermitian form on E given by 

(ti,t 2 ) ^ tr E/F (ti77o(t 2 ))- 

Then 

sgn F (A) = (-sgn F (sgn Gal(E/F) (r/ ))) n+1 , 

where sgn Gal ( E / F -j is the linear character o/Gal(E/F) whose kernel is the 
group of squares. 

Proof. Let 77 be a generator of Gal(E/F), and { &i | < 2 < a basis for 
E over F. The matrix, with respect to the chosen basis, of the indicated 
pairing is M ■ r) (My, where M is the n x n matrix with (i,j)th entry 
rfei for < i, j < n. Since r] induces a permutation of the columns of M 
that has parity opposite to that of n, we have that det M 6 F x (equivalently, 
(detM) 2 e (F x ) 2 )ifandonlyifnisodd;i.e.,sgn F ((detM) 2 ) = (-l) n+1 . 
Similarly, r] induces a permutation of the columns of M that is even or odd 
according as sgn Gal ( E / F -)(?7o) n+1 is 1 or —1, so A = detM ■ ?7o(detM) = 
s S n Gai(E/F) ( ? 7o) n+1 (det M) 2 . The result follows. □ 

There is an analogue of Lemma [3TT1 for arbitrary finite cyclic Galois ex- 
tensions of fields, with essentially the same proof; but its statement is more 
complicated, so we omit it. 

Lemma 3.2. Let 

• ¥ be an odd-characteristic finite field, 

• 770 an automorphism ofF with rj^ = 1, 

• £G{±1}, 

• V a finite-dimensional ¥ -vector space, and 

• B a non- degenerate (e, rj )-Hermitian form on V. 

Then the Witt index of B (see Il36l §6.5]) is [dim V/2\ unless 

• dim V is even, 

• Vo = 1, 

• e = 1, and 

• det B is not in the square class of(— i) dimV 7 2 , 
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in which case it is (dim V/2) — 1. 

The Hermitian condition on B means precisely that it is linear in the first 
variable, and eB(v, w) = rj (B(w, v)) for v , w G V. 

Proof. Let Q : v t— > B(v, v) be the quadratic form associated to B, and F' 
the fixed field of r] . Denote by N the map t i— > t • i] (t) from F to F'. Note 
that the image of N is contained in the set of squares in F. 

Let V = V + © V © V- be a Witt decomposition of V, so that V + and 
VI are maximal totally Q-isotropic subspaces of V that are in duality by B, 
and Vo = (V+ © VL) -1 is Q-anisotropic. Then the matrix of B on V+ © V_, 

with respect to a suitable basis, is of the form ^ Jj^ J for some matrix 
M; so det B\ y m _ = (-e) dimV + • iV(det M) belongs to the square class of 
(-e) dimV +. Let B be a 5-orthogonal basis for Vo, so that C}(^,; eB a„v) = 
Yliv&B N(a v )Q(v) for any constants a v G F. 

Suppose that 7] = 1 and e = 1. If there are distinct Vi,v 2 G i3 such that 
Q(v 2 ) belongs to the square class of —Q{v\) — say Q(v 2 ) = —X 2 Q(vi), 
with A G F x — then Q(Xv i + v 2 ) = 0, which is a contradiction. Thus, if 
— 1 G (F x ) 2 , then no two elements Q(v), for v E B, lie in the same square 
class, implying that \B\ < 2; and if —1 ^ (F x ) 2 , then all of the elements 
Q(v), for v G B, lie in the same square class. In this latter case, if \B\ > 2, 
then let vi, v 2 , and v 3 be distinct elements of B, and write Q(v 3 ) = cfQ(vi), 
withQ G F x ,forz = 1,2. Then Q(ci\vi + c 2 [iv 2 + ^3) = 0, where A, fi G F 
are such that A 2 + /i 2 = — 1, which is a contradiction. Thus 

• \B\ < l,or 

• B = {^1,^2}, and Q(v 2 ) does not belong to the square class of 
-Q(vx). 

In the former case, if dim V is even, then \B\ = 0, so dim V+ = dimVy2, 
V + © = V, and det B belongs to the square class of (-l) dimV V 2 . In the 
latter case, — det B\ y ^ = —Q(vi)Q(v 2 ) is a non-square in F, so det B = 
(det B\ v+( ^ v )(detB\ y J does not belong to the square class of (— l) dimV +(— 1) = 

/_-|\dimVy2 

If 770 = 1 and e = —1, then every vector is isotropic for Q, so Vo = {0}. 

If 770 7^ 1, then, since N surjects onto F', we have that { Q(v ) v G B} 
is linearly independent over F'. On the other hand, since B is (e,r] )- 
Hermitian, we have that {Q(v) | v G B} is contained in the e-eigenspace 
for i] acting on F, which is 1-dimensional over F'. Thus \B\ < 1. □ 

Theorem 3.3. (Theorem 4.9.1 o/[25l|. ) Let V be an ^-vector space equipped 
with a non-degenerate symplectic form (•,•), and £ an additive character of 
f. Denote by the Weil representation ofSp(V) associated to ( (defined 
in B2H §2.4];. Fixge Sp(V r ). 
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(1) If g has no non-zero fixed points, then let V + be a maximal g- 
invariant totally isotropic subspace of V and put V = /V + . 
Then 

Ow-{9) = sgn f ((-l) dimVb / 2 det(«7| v+ ) det(g - 1^)). 

(2) If g fixes pointwise a line V + C V, but V + does not have a g- 
invariant complement in V_r, then 

where V = Vjr/V + . 

(3) If g fixes pointwise a line V + C V, and Vq is a g-invariant sub- 
space of Vj^r such that =V + ® V , then 

Qwv{g) = o w jo{g) Yl C((g v ' v ))- 

vev J -/v+ 

In [|65l §11], there are described a symplectic structure on J / J + , an ac- 
tion of Sp( J / J + ) on J / ker 0, and an extension of the Weil representation 
of Sp( J / J + ) associated to to a representation of Sp( J / J + ) x J / ker <p. We 
have that <fi (see Remark |Z2|) is the pull-back of this extension to stabc (x) K 
J via the map that restricts to the usual projection J — > J/ ker 0, and that 
takes k G stab G '(x) to the symplectic transformation of J/J+ induced by 
the conjugation action of k on J. 

Theorem 3.4. (Theorem 1 1.5 of $65^ . ) <ft L,, , is 4>-isotypic, and d>\ „, X1 
is 1-isotypic. 

Proposition 3.5. The character of '(ft vanishes except on conjugacy classes 
intersecting stab G '(x) x J+. 

Proof. This result is proved for an "abstract" Weil representation in 113211 . 
The details of how to apply the result in our situation are in Il65l §11]. □ 

Denote by Y the Galois group Gal(F sep /F). For r] G T, we will abuse 
notation and also denote by r] the corresponding element of Gal(f/ f), where 
f is the residue class field of F un . 

Fix a bounded-modulo-Z(G) element 7 G G' (i.e., an element whose or- 
bits in £> rcd (G', F) are bounded in the sense of metric spaces). By Proposi- 
tion 2.41 of 11621 and Remark 6.9 of (6), 7 has a normal (0+) -approximation 
(70) (in G and G'). We assume that x G £> 0+ (7). Let T be a maximal tame 
F-torus (hence, a tame maximal F-torus) in G', containing 70, such that 
x G £>(T, F); and let E/F be a tame, Galois, strictly Henselian extension 
over which T splits. 



SUPERCUSPIDAL CHARACTERS 



23 



Notation 3.6. For a G $(G, T), put 

• T a = stabr ot\ 

• F a = (F se P) r -; 

• e a = e(F a /F), the ramification index of F a /F, and f a = f(F a /F), 
the residual degree of F a /F; and 

• fa = fiV 

If —a G r • a, then 

• 77 a is any element of T such that r] a a = —a; 

• F± Q is the fixed field of (r a , 7] a ); 

• f±a = f(F ±a /F);md 

• f±a = fF ±a - 

Notation 3.7. In the remainder of $3]only, for a G $(G, T), denote by V a 
the image of 

Ue(G) a (E) f]Ue(G',G)(E) x ^ s) 

in 

Lie(G', G)(E) Xi ( r . jS );( rjS+ ), 

and by V a the set of r a -fixed points in V a . More concretely, we have 
that V a = {0} if a G $(G',T); and, if a £ $(G',T), then V a S 
EU( a+s ) : ( a+ < i ) + , where a + s is the affine root with gradient a whose value 
at x is s. Since T is _E-split, we have that Gal(F sep / E) acts trivially on 
$(G, T), so that F a C E — hence, in particular, e a is not divisible by p — 
for all a G $(G,T). Put 2(0) = {a G $(G,T) | V a ^ {0}},and 

Si(0, 7 ) = {q G S(0) | a(7b) = 1} = S(0) n $(Cg +) ( 7 ),T), 

S 1 (0, 7 ) = {aGS(0)| a( 7o )^l}, 
5 symm -i(0,7) = {a G 2(0) I -« G T • a and 0(70) = -1} C 2^0, 7), 
s s " y L(0>7) = { a G 5(0) | -a G T • a and «( 7o ) ^ ±1} C 2 1 (0,7), 
and 

2 s * mm (0, 7 ) = {a G 2(0) | -a ^ T • a and a( 7o ) ^ l} C 5^0, 7). 

We will omit and 7 from the notation when convenient. Note that all 
of these sets are T x {±l}-stable. (Recall that (—a) (7) is a(7)~\ no? 
-(0(7)).) We denote by Si(0,7), S symm _i(0, 7), and 2^(0,7) sets of 

representatives for the T-orbits in the appropriate sets; and by 2 symm (0, 7) 
a set of representatives for the T x {±l}-orbits in ~ symm . Finally, put 

2 symm (0,7) = 2 symm _i U 2^, 2^0,7) = 2 symm U ±E*y mm , 2(0,7) = 
Si U 2 1 , and /(2 symm (0, 7)) = £ ae - /«*■ 
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Proposition 3.8. With notation and assumptions as above, we have 

^(7 x 1) = l(4 O ' +) (7),4 O+) (7)),,(^:(,, s+ )r /2 ^(0,7), 

where 

e(0, 7 ) = sgn f (-l)^y-(<M)/2 . JJ sg n f >( 7o )) 

aGS s y mm (<^,7) 

x n s s n f«( i -«(7o))- 

We are using Theorem 13 .31 (Theorem 4.9.1 of 11251 ) in our calculations. 
Since we are only evaluating the character of the Weil representation at 
semisimple elements, it may be convenient for some purposes to use Corol- 
lary 4.8.1 of If2~51 to write the sign e((j), 7) in a different form. We do not do 
this here. 

Proof. Write V = (G",G) Xi(r , s):(r , s+) ,V(° + ) = (C§ l + \ 1 ),C§ + \ 1 )) x , {r>s y. {r , s+) , 
V = (G',G)(E) Xi(riS):(r>s+) , and V = Lie(G', G)(E) x>irjS) , (r>s+) . Recall 
that V = J / J + carries a symplectic pairing; we will describe it explicitly 
below. By Corollaries 2.3 and 2.4 of [|65l . we have an Int(7)-equivariant 
isomorphism V = V (essentially, the restriction of ef s:r ) that restricts to 
an isomorphism j! : V = V r (also Int(7)-equivariant, of course). We 
have that #([01, &]) = Apf*^), j x {g 2 )}) for g u g 2 G V. The Int( 7 )- 
equivariant map 

furnishes an isomorphism j 2 : a£ cV Q = V r such that ji(V^ 0+ ' ) ) and 
J2 (0 ae ci Kj,) are complementary. Thus, there is an Int(7)-equivariant iso- 
morphism 

(3.i) v = v (0+) © v a e ^ ±a =:V, 

where V ±a = V a ® V. a for a G H symm . 

The (additive) pairing on V is (01,5-2) tr f/Fp X^j'i^i),^^)], where 
F p is the finite field with p elements. (In ll65l §11], Yu works instead with 
the multiplicative pairing (gi,g 2 ) 4>{[gi, 02]); but this is identified with 
our pairing after an appropriate choice of embedding ¥ p C x .) We write 
B for the pairing on V induced by (13.11) . Then y( 0+ ) is £>-orfhogonal to V a 
for all a G 5, V a is _B-orthogonal to Vp unless —(3 G Y ■ a, and 
(3.2) 

B(X, X') = e Q tv u/¥p X* [X, r] Q X'} for X, X' G V a with a G H symm . 
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In particular, the sums on the right-hand side of (13.11) are £>-orthogonal. 

Write again 7 for the symplectomorphism of V induced by 7. By Corol- 
lary 2.5 of |[2l, 



(t) 9,( 7 «i)= e voh-)(7)- n n 



where ( is the character induced by the restriction of <p to J+ (as in [65 
§11])- 

By Theorem 1X3(3)1 since 7 acts trivially on V^ 0+ \ we have that 



(3.3) e wf0+) ( 7 ) =p^v(o + )/ 2 = |(4° / + )(7),4 0+ )(7)) x , (riS):(riS+) | 1 / 2 . 
For a G H 1 , we have that 7 acts on without non-zero fixed points. 



Thus, our remaining calculations may, and will, use Theorem |3.3(l) 

For a G ~; symm , we have that V a is a maximal 7-invariant totally isotropic 
(indeed, a maximal totally isotropic) subspace of V± a ; and V^/V a = {0} 
(the perpendicular taken in V± a ). Since 7 acts on V a = f a by multiplica- 
tion by a (70), we have that det Fp (7| y ) = N fa / ¥p (a(^ )); so, by Theorem 



3.3(1) 



(3-4) w v ±a (7) = sgn Fp (iV WFp (a(7o))) = sgn fa (a( 7 o)). 

For a G S symm _i, the restriction of B to V a is nondegenerate, so dim Fp V a 
is even. Any maximal totally isotropic subspace of V a is 7-invariant, so rea- 
soning as above gives 
(3.5) 

w v a (l) = sgn Fp (-l) dimF ^/ 2 = sgn f (-l) dim ^/ 2 = sgn f (-l)^/ 2 . 

(We have used the fact that, if [f : F p ] is even, then sgm(— 1) = 1; and, if 
[f : F p ] is odd, then sgn f (-l) = sgn Fp (-l).) 

Finally, fix a G E~ l mm . Note that Gal(F scp / F£ n ) acts on V Q by a 
linear character, and Ga\(F^ n / F a ) acts on V a via the natural projection 

to Gald/fo;). Thus, V a = V« ' a ' is a 1-dimensional f a -vector space. 
Choose X a G V a \ {0}, hence an f a -linear isomorphism i a : V a — > f a , and 
put c a = X*[X ai 7] a X a ] G f a , so that r/ a c a = —c a . By (13.21) . i a identifies 
the restriction of B to V a with the pairing (ti,t 2 ) 1— > e Q tr fa / Fp (c a • tir/a^)) 
on f Q . 

Suppose that is a 7-invariant totally £> -isotropic F p -subspace of V a . 
By abuse of notation, we identify W with its image t a (W) C f a . Since 
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7 acts on W by multiplication by 01(70), we have that W is an F p [o(7 )]- 
subspace. Further, for ti,t 2 G W, we have that 

e a tr Fp [ Q ( 70 )]/ Fp (Atr fQ / Fp[Q ( 70 )](c Q ■ tirj a (t 2 ))) 

= e a tr fa/¥p (c a ■ (Xti)r] a (t 2 )) = 

for all A G f[o(7o)]; so B'(t 1 ,t 2 ) : = tr fQ / Fp [ Q ( 7o) ](c Q • tiT] a (t 2 )) = (since 
e Q is not divisible by p). That is, W is totally £>'-isotropic. Conversely, it is 
clear that an F p [o(7 )]-subspace of f a that is totally .B'-isotropic is carried 
by l~ 1 to a 7-invariant totally 5-isotropic F p -subspace of V a . 

Let f a = (f«)+ © (f a )o © (fa)- be a Witt decomposition for B' , so that 
(f a )+ is a maximal totally £>'-isotropic F p [o(7 )]-subspace of f a . We have 
that B' is (— 1, ^ Q )-Hermitian. Denote by 0(70) the image in f a of 0(70). 
Since ?7 a o(7 ) = 0(70) _1 7^ 0(70), we have that r\ a is non-trivial on 
F p [o(7o)]. We record two consequences of this fact. 

• F p [o(7o)] is not contained in the unique quadratic subfield f ±Q = f£ 

of f a , so dim Fp[a(7o)] f a is odd. 

• Put Q = | F p [o(7o)1 r?0! |. Then also rj a 0(70) = 0(70)^. This means 
thato(7o) Q+1 = 1, so 

(*) sgn FpW7o)] (a( 7o )) = Wfo) iQ2 - m = 1- 

Now Lemma [3^21 gives 

dim(f Q ) + = (dimf a - l)/2 = dim(f a )_, 

so dim(f Q ) = 1 (all dimensions being taken over F p [0(70)]). Put (V a ) £ = 
^((Qe), where e G {+,-,0}. Then (V a ) + is a maximal 7-stable, to- 
tally 5-isotropic F p -subspace of V a , and (V a )+/(V a ) + = (V a ) (the per- 
pendicular taken in V a ). Since 7 acts on V a = f a by multiplication by 
0(70), we have that det Fp (7| (vy+ ) = ^ Fp [a( 70 )]/F p (o(7o)) (dimfa_1)/2 and 
det Fp (7 - l| )o ) = A^ Fp[Q(7o)]/Fp (o(7o) - 1); so, by Theorem 133(1)1 and 
(*), 

w v a {l) = sgn Fp (-l) dim ^ F ^ Q ^)]/ 2 sgn Fp[a(7o)] (o(7o) - 1) 

( 3 - 6 ) xsgn FpW7o)] (o(7o)) (dimf "- 1)/2 
= sgn f (-l) / "/ 2 sgn fa (o(7o) - 1) 

(where we have used in the last equality the facts that f a /2 is the product of 
dim Fp F p [o(7o)]/2 and the odd number dim Fp[a(7o)] f a , and that sgn Fp[a(7o)] = 
sgn fa onF p [o(7o)] x ). 

Upon combining (f ) with (I3.3M3.6I) , we obtain the desired formula. □ 
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4. Vanishing results for 9 a 

In this section, we consider the support of the character of the represen- 
tation a = a d of K a = stabc'(x)G X fi + induced from the representation 
p' = p' d of K = K d . We will show that it is much smaller than would 
naively be expected from an understanding of the support of the character 
of p' (or, better, of p). 

Recall that we have associated to 4> = (fid-i an element X* = X^_ x £ 
3(fl')-r + Qx(- r )+- F° r any finite, tamely ramified extension E/F, let 
4>e be the linear character of G(E) X)S+ ., r+ such that <p E ° e^ s+:r+ = A o 
X*\ T . ,„,,ns . We will also view 6 E as a character of G(E) X s . . This 
is analogous to the definition of <fi in $2l in fact, 4>e L — U 

Lemma 4.1. Suppose that 

• E/F is a finite, tamely ramified extension, 

• d £ R and d > s, 

• H reductive, compatibly filtered E -subgroup ofG (as in Defi- 
nition 4.3 of[6\), 

• H contains an E-split maximal torus T in G', 

• a; £ *<4(T), and 

• X* £ Lie(T)*(£) + Lie(G')*(^)x,(-d)+. 
77zen 0s is trivial on (H, G)(£ , ) Xj ( r+i rf). 

Proof. We may, and do, assume, after replacing F by E, that T is F-split 
and X* e Y* + q'* , d s + with F* £ t*. Further, there is no harm in taking 

d < r. Since 4> F = A o X* o e~l +:r+ as maps on (H, G) x ^ r+>( i):(r+,r+) 
(indeed, on G X)S+ . r+ ), and since, by Hypothesis |A.1(6)[ e x>s+ . r+ carries 
Lie(H, G) x ^ r+t d) : (r+,r+) onto (H, G) x ^ r+t d):( r +,r+), it suffices to show that 
A o X* is trivial on Lie(if, G) x ^ r+t d)- 

By an easy analogue of Proposition 5.40 of J6l, 

Lie(H, G) X){r+4) C ^ );r+ © (t- 1 n 0^), 

where t 1 - = ae4>(GiT) a - Since d x (X*) = -r, we have t) x>r+ C ker(A o 
X*). For X £ t x n g M , we have that X*(X) = Y*(X) = (mod F 0+ ), 
hence that A(X*(X)) = 1. □ 

Remark 4.2. Preserve the notation of Lemma |4~T1 Since <£| „ = </>f and 

l <J- a; , s + 

^* e 3(0')* + Qx,(-r)+ - l * + 0L*(-r)+ ' we always have that is trivial 
on (H,G) Xt ( r+jr ). If X* £ 3(0')* + 0x-s (f° r example, if Hypothesis [231 
is satisfied), then, by applying Lemma |4~1"1 to a decreasing sequence of d's 
converging to s, we see that <p is trivial on (H, G) Xt ( r+>8+ ). 
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Proposition 4.3. Suppose that t G M>o and 7 G G. If 

• t < r, 

• t < s, or 7 has a normal t-approximation and x G Bt(j), and 

• 7 G stab G >(x)G Xtt s G *-°+(stab G /(x)a rii+ ), 

r/ien CT (7) = 0. 

Proo/ Note that 7 G" ^(stab^^G^). Recall that o = Indf/ p', so 
supp 9 a C ^ supp p / . By Remark 12.21 and Proposition 13.51 supp 9 p i C 
x (stab G '(x)C7 ;r g+ ). Thus the result is clear for t < s, so we assume that 
t > s. 

By Proposition 9.14 of [6J, there is k G G x>0+ such that k Z ( §{l) Q G' . 
Since 8 a ( k ^) = 9 a (l) and 2 = kx G B t ( k/ y), we may, and do, replace 7 by 

^7. 



Then, since x G ^(7), we have that 7> t G G^t. Now, for /i G G G (7)3 
we have that [7 _1 , h) = [y>l, h) G G X]T ; so, by Lemma 1231 

e a (j) = e a ( h 7 ) = eM^lh}) = e a (j) ■ b> t J](h) 7 



r—t : 



-t • 



where [y> t , <p] is the character g 1— > </>([7> t , <?]) of G XjJ . 

If [7> t , 0] is non-trivial on C^q {^x^-t , then we are done; so suppose 
that it is trivial there. Then consider h G (C^ {j),G) x ^ r ^ t )+,r-t)- By 
Lemma 5.32 of J6j, [7> t \ /i] G (G G (7), G) X) (r+ >r ). By Lemma 14.11 and 
Remark l4~2l we have that is trivial on (G G (7), G) X) ( r+)T .). Therefore, 
[7> 4 ,0](/i) = 0([7>t,^]) = 1. Thus [7> t ,0] is trivial on Cg } (7)*,^ 
and (Cf (7), 67) 

as,((r-t)+,r-t)> hence, by Proposition 5.40 of loc. cit., on 
G X:T -t ■ By Lemma |BT1 this means that 7> 4 G (G', G);^^). Since 7 <t G 

^(7) C G' and 7<t G stab G (x) (by Remarks 6.10(1) and 6.10(2) of 
loc. cit., respectively), we have 7 = 7<t7>t G stab G '(af)G :Ci t+ > which is a 
contradiction. □ 

Corollary 4.4. Tjf 7 /ias a normal r -approximation and x G B r (j), then 
Qa{l) = unless 7 <r G Gr < 0+ stab G /(x). 

Proof. By Proposition 14.31 ^(7) = unless 7 G G;r ' +(stab G /(x)G Xir .). 
By Corollary 9.16 of @, 7 G ^^(stab^^G,^) if and only if 7 <r G 

G *.°+ stab G '(x). □ 

Corollary 4.5. If 7 ^as a normal r -approximation and G'/Z(G) is F- 
anisotropic, then 6*0.(7) = unless x G ^(7) and^ <r G G:c 0+ stab G /(x). 

Proo/ This follows from Lemma 9.13 and Corollary 9.16 of H, and Corol- 
lary H3J □ 
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Corollary 4.6. If 7 ^as a normal r -approximation and G'/Z(G) is F- 
anisotropic, then 

d*(j)=0*(j<r)-[G x ,r)(j>r)kl>r) 

= UlKr) ■ [S(4 r) ( 7 ),F)]( 3 ;) • [G x A(l>r)kl>r) 

= i G - 0+ G'}( 1<r )6 a ( 1<r ) • [B(Cgfr),F)](x) • [G s , r ]( 7 > r )0(7>r). 

The notation indicates that 9 a {l) = Q<r{l<r)4>(l>r) if all the characteris- 
tic functions appearing are 1, and 9 a (l) = otherwise. 

Proof. By Corollary 14.51 6 a (j) = unless j> r £ G x/r . By Lemma [231 

if 7 > r £ G x , r , then 6 a {i) = ^ CT ( 7<r )0( 7 > r ). By Corollary S3] again, 
0*{l<r) = unless x £ 8(0^ (7), F) and 7<r £ G *.°+G'. If 7<r £ G ^+G", 
then 7 <r is in the domain of a, so ^ CT ( 7 <r) = #a( 7 <r)- D 

5. Induction to stab G "(x)G ;Ci o+ 

We have just shown that the character of a vanishes "far from G' ". In 
this section, we will compute the character on a large subset of stabc(x). 
By Lemma I2.5L we will then have character values on a large subset of 
stdbG'(x)G x ^ r . (To be more precise, unless certain tameness and compact- 
ness conditions are satisfied, we must place mild restrictions on the ele- 
ments at which we evaluate the character. See the following paragraph and 
the beginning of $6] for details.) The resulting formula (see Proposition 
15.3.31 ) will be expressed in terms of the character of the representation r d _i 
of stabc(x) induced from the representation fl d _ x <g> of K^ 1 . 

In this section, we suppose that 7 £ G' has a normal r-approximation 
7 = (7i)o<i<r in G, and that x £ <6 r ( 7 ). In particular, by Remark 6.10(2) of 
0, we have that 7 £ stabc'(X). We will eventually (after Corollary 15.1.51) 
also require that 7 be semisimple. 

5.1. The Frobenius formula for 9 a . The following ad hoc definitions are 
useful for cutting down the number of summands appearing in the Frobe- 
nius formula. 

Definition 5.1.1. For g £ G Xi0+ , put 

j(g) = sup {j £ R> U {00} I g £ [7; x, r]G xJ } 

and 

j L {g) = sup {j(g'g) | g' £ G' x0+ }. 
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lfj(g) < oo,put 

i(g) = sup { i G E U {00} g G [7; x, r](C§ ) (7), C)x,(i(g),i(ff)+) 



and 

= sup {d z ([7" 1 ,5(/i]) I h G C7 xJ(9)+ }. 

If J X (^) < 00, put 

^(#) = sup {i(g'g) I (?' G G' Xj0+ J(g , g)=j ± (g)} 

and 

^(sO = sup {t(g'g) I G G' xfi+ ,j(g'g) = j ± (g)}. 

The numbers 2(g) and j (g) are different measures of how far g is from ly- 
ing in the group [7; x, r] . Remember from Figure[T]on page[[2]that [7; x, r] 
looks somewhat like a skyscraper that becomes narrower toward the top. 
The vertical direction represents depth, while horizontal motion toward the 
center is analogous to moving through successively smaller full-rank re- 
ductive subgroups of G (the connected-centralizer subgroups Cq (7)). The 
quantity j(g) tells us the vertical distance from g down to a roof of [7; x, rj. 
(Of course, if g G [7; x, r], then we have j(g) = 00.) The quantity i(g) an- 
swers the question: When we've gone down j(g) floors, landing on a roof 
of the skyscraper, how far toward the center must we travel in order to hit a 
wall? 

Remark5.l.2. Since g, [7~\<7] G G x ^ + , we have that j(g),t(g) > 0. How- 
ever, it is possible that i(g) = 0. 

Since { j G IR>o | G x j 7^ G x j + } is discrete, the supremum in the def- 
inition of j(g) is actually a maximum. Suppose that j(g) < 00. Since 

{2 G R Cg } (7) + C"g +) ( 7 )} is discrete, the supremum in the definition 

of i (g) is actually a maximum. If [7 -1 , gh] = 1 for some h G G x j( g ) + , then 
obviously the supremum in the definition of t(g) is a maximum. Otherwise, 
h 1 — ► d x ([7 _1 , g/i]) is locally constant on the compact set G x j( g ) + , so the 
supremum in the definition of t(g) is again a maximum. 
By Proposition 5.40 of 0, 

[7; x, rJ(C { a' 2j{9) \l), G) xMg)>m+) C [7; x, r]C7 xj(9)+ , 

soi(#) < r - 2j(#). 

If /i G G a; ,j( fl )+, then = i{g), j{gh) = j(g), and t(gh) = t(g). 

Since C7 XjS C [7; x, r], we have that j(g) < 00 if and only if j(g) < s, so 
the functions i, j, and t are all invariant under translation by C7 X S . 
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The function g' i— > j(g'g) is locally constant on the compact set G' x 0+ , 
so the supremum in the definition of j _L ((?) is actually a maximum. If 
j ± (9) < 00 » men l— *■ and </ !— » ^(g'g) are also locally constant 

on the compact set {<?' G G^ 0+ | j(g'g) = j ± (g)}, so the suprema in the 
definitions of ^(g) and ^(g) are also maxima. 

As above, if j" L (g) < oo and ft G G Xtj ±^ + , then ^(gh) = ^(g), 
j ± (gh) = j ± (g), and ^(gh) = t^{g). Furthermore, j ± (g) < oo if and 
only if j ± (g) < s, so the functions i- 1 , j- 1 , and t 1 - are all invariant under 
translation by G X;S . Obviously, they are also invariant under left translation 
by G' x 0+ , hence (by Proposition 5.40 of (61) also by (G \ G) X ^ 0+:S ) and (if 
jH9) < oo) by (G',G) x>{0+!j ± (g)+y 

Lemma 5.1.3. Fix g G G Xi0+ . Ifj(g) < oo, then t(g) = i{g) + j(g). 

Proof. Puti = i(g),jo = j{g),andt = t{g), so g G b;x,r}(C^ \-f),G) Xt{j(hjo+) . 

Since i < r — 2j , we have by Proposition 5.40 and Remark 6.7(4) of 
13 that 

[7;x,r](Cg o) ( 7 ),G),,Cidjo+) = lr,^rf 0) C^\l) XM G XM+ . 
Choose ft G lr,x,r} {jo) gG XM+ n Cg o) ( 7 ) XJO . Then there is k x G 
such that ft G [7; x, rj^pfci. 
Note that [7- 1 , ft] = [7>J,/i] G G Xi io+io . If [7~\ft] G G X)(io+io)+ , 

then Lemma 9.8 of Zoc. cit. gives ft G (Cg (7), G% > ( J - OJ - 0+ ), so g e 
[ 7 ;x,r](4 i0+) ( 7 ),G) 

;r,(io,io+) ' contradicting the definition of i . Thus d x ([7 1 , ft] ) — 

«o + Jo- 
Suppose that [7 _1 , ft,] G G a ; ) t + • Then, by Remarks 6.7(1) and 6.10(3) 

of loc. cit., the fact that gkxhr 1 G [7; x, r]^ implies that [7^, gkxh 1 ] G 
G x>r -j , hence that [7 _1 , ft] = [7" 1 , gk x ] (mod G X;r -j ). By the definition 
of t(g), we have py -1 ,^] £ G xM+ . Thus r - j < *o. so [7 _1 ,ft] G 
G x>r - jo . By Lemma 9.8 of /oc. cit., ft G (c£ -23o) (7), G r )s,Oojo+) ^ 

(Cg° +) (7)»G0«d,(jojo+). sog G [7; x, r] (c4 i0+) (7), G) Xi(3 - 0ii0+) , contradict- 
ing the definition of i(g). 

Thus [7- 1 , ft] £ G :Cl to+ , so z + j < t . Suppose that i + j < t . Then 
there is k 2 G G Xijo+ such that [j" l ,gk 2 ] G G Xito C G Xi(io+io ) + . We have 
ft G [7; x, r]°' o) 0^+5^2 — say, ft = h'gk 2 , with ft' G [7; x, rf jo) G xdo+ . 
Since [7; x, rj M C [7> io ; x, r] 0o) C [7^; ar, (i + j )+], and clearly 
G XJ - 0+ C [7> io ; x, (i„ + j )+], we have that 

\T l A = [ 7 >i,ft] = h>l ,ti] ■ h '[j>l,gk 2 ] g G Xiiio+jo)+ ■ h 'b>l ,gk 2 ]. 

By Lemma 9.8 of ||6l, g/c 2 G [7; x, t ], where [7; x, to] is as in Definition 9.3 
of loc. cit. Since [7; x, t ] C [7>j ; x, £ ]> we have by Remark 6.10(3) of /oc. 
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cit. that [%l ,gk 2 \ E G xM C G a . i(io+io)+ , so also [7- 1 , h] E G x>{io+jo)+ , a 
contradiction. □ 

Corollary 5.1.4. Fix g E G x0+ . If j ± (g) < 00, then t^(g) = i x (g) + 
3H9). 

Proof. By Remark l5.1.2l there is some g' E G' x 0+ such that i(g'g) = ^(g) 
and j{g'g) = j ± (g). Thus t L (g) > t(g'g) = \{g' g) + j(g'g) = i L (g) + 
j ± (g). Similarly, there is some g" E G' x0+ such that j(g"g) = j ± (g) and 
t(g"g) = ^(g). Thus t^g) = t(g"g) = i(g"g) + j(g"g) < i^g) + 

jHg)- □ 

Corollary 5.1.5. Fix g E G x>0+ . Ifj(g) < 00, then t(g) < r — j{g). If 
j ± (g) < 00, then t L {g) <r- j ± (g). 

From now on, suppose that 7 is semisimple. This condition can be re- 
moved if desired by observing that all the functions in which we will be 
interested are locally constant; but, since we will only use the main result of 
this section (Proposition ^ .3 .31) when the semisimplicity condition is already 
satisfied, it is not a serious restriction. 

By Lemma 8.2 of (61, 7 is a normal r-approximation to 7 in G', so that it 

makes sense to speak of groups such as Cq, ^(7) below. 

Lemma 5.1.6. Fixg E G x ^o+with j L (g) < 00. There is g L E (G', G) x j 0+> j±r g \ + yg 
such that 

[ 7 -\^] e (4 i ' ±(s)) (7),4 i±(9)) (7)),,(^ {9)+ ^ (9)) . 

Proof. Put i = i\ g), j = j ± (g), and t = t ^g), s o i + jo = k 
(by Corollary ELL4J and t < r - j (by Corollary 0LL5J. Put also H = 
Cg 0) (7) and H' = C^\l)- B Y Remark |5 T2l the re is g' E G' x0+ such 
that i(g'g) = io and j(g'g) = jo- By Lemma l5.1.3l we have that t(g'g) = 
i{g ; g)+j(g'g) = io+jo = to- In particular, g'g E [7; x, rJ(H, G) x , (jo>jo+) . 
By Remark 6.7(4) and Proposition 5.40 of JH, 

lr,x,rj(H,G) X)( j 0tjo+) = lr,x,r} Uo \H,G) Xt{joJo+) 

and 

Since the commutator of G Xj0+ with (H,G) Xi (j j 0+ ) C G X j lies in G x j 0+ C 
(H,G) x , Uoijo+) , we have that [7; x, r] 0o) C G xfl+ normalizes (H,G) Xt{jodo+) . 
Thus we may write g'g = k'gxk-, with A;' E (H',G) X:{joJo+) , gi E (H', H) x>(Jo+>jo) , 
and A;_ E [7; x, r]^°\ Since 7> io E H' x io (or stabff/(x), if zq = 0), Lemma 
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5.32 (or Corollary 5.21, if i = 0) of [6] gives 

h~\gi] = h>l ,9i] e (H',H) X)[to+)to) . 

Further, Remarks 6.7(1) and 6.10(3) of loc. cit. give 

[7" 1 , fc_] G H x>r - jo C iy X)t0+ , 

hence 91 [/y -1 , G H x>to+ . Thus, if g- 1 = <7i&_, then 

[t -1 ,^] = [r\gi] ^[T -1 ,*-] G (H',H) x>{t0+>t0) . 

Since g- 1 ^ 1 = fc /- V G (G ; , G% ) ( 0+iio+) , we are done. □ 

5.2. Gauss sums. In this section, we consider (in the context of our char- 
acter computations) certain sums associated to non-degenerate quadratic 
forms on vector spaces over finite fields. We call these sums Gauss sums 
since, for a 1 -dimensional vector space, they are a special case of classical 
Gauss sums (see ll43l §5.2]). We begin with a simple result that computes 
such objects. 

Definition 5.2.1. Recall that, in §1.11 we chose a square root a/— T of —1 
and used it to construct a non-trivial additive character A of f . Put 



<Mf) 




(mod 4) 
(mod 4). 



Lemma 5.2.2. Let V be a finite-dimensional f-vector space, and B a non- 
degenerate symmetric bilinear form onV . Put <5(V, B) = \V\ YlveV A(B(v 
Then 

<5(V,B)= S gn f (detB)<5 A (f) di ^ v . 
Proof. Notice that, if V is 1 -dimensional and v G V \ {0}, then 

^A(B(^)) = ^A(t 2 5(, 0) ,„)) 

vev tef 

= ^sgn f (*)A(*fl(w ,i;o)) = sgn f (B(v ,v )) £]sgn f (t)A(t), 
tef tef 

where sgn f (0) = 1. By Theorem 5.15 of ||4"3~1 , this latter sum equals 
sgn f {B(v ,v ))&A{f) = sgn f (det J B)(5 A (f) dimy . Now notice that, if V = 
© ig7 V% is an orthogonal direct sum decomposition and, for i E I, Bi de- 
notes the restriction of B to Vi x Vi, then we have (with the obvious notation) 
0(V, B) = U i€l <S(V h Bt). By Theorem 6.21 of flU, we are done. □ 

Remark 5.23. It is also possible to compute a Gauss sum as in Lemma |5.2.2| 
by re-writing it as Y^bef Nbh(b), where N b = | { v G V | B(v, v) = &} | for 
all 6 G f. We can then use the explicit computations of N b in Theorems 6.26 
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and 6.27 of Il43ll . together with the fact that A (f) 2 = sgn f (-l), to obtain 
the desired result. 

Definition 5.2.4. Put 

sel7;*,r]$cg )+ VkAIw] (s) 

and 

0(0,7) = 7)l _1 7)- 

In this subsection, we will compute |C5| = |<S(0, 7)] and (5 = <S(0, 7). 
The proof of the main result (Proposition 15 .2. 1 31) is quite close, in structure 
and content, to that of Proposition 13 .81 A similar result appears in 11641 

§vni.5]. 

Recall (see Definition 6.8 of [6J) that, since 7 is a normal r-approximation 
to 7 in G', in particular 7 <r is tame in G'. Let T be a maximal F-tame 
(hence, since G' is F-tame, an F-tame maximal) torus in G' containing 
7 <r . Let E/F be the splitting field of T. Recall that we defined, at the be- 
ginning of $51 a character 0^ of G(E) X s+ that extends <p\ and is trivial 
on G(F) Xjr+ . 

For g, g h g 2 G [7; x, rf^ {E) , put 

Q(g) = Mh-\g]) and B( gi ,g 2 ) = h([[92,r\ 9i])- 

Except in Corollary 15.2.91 we will be interested only in the restrictions of 
Q and B to [75 a;, r]^ (respectively, [7;x, r]^ x [7; x, r]^); however, 
we could not find a proof of Corollary 15.2.91 that did not involve passing 
to extension fields. We will show that Q is, in some sense, a quadratic 
form (see Corollary 15.2.91 ), so that we can realize (25 as a Gauss sum (see 
Propo sition 15 . 2 . 1 31) . 

It is straightforward to verify that 

(5.2.1) Q(g l92 ) = Q{g 1 )Q{g 2 )B{g 1 ,g 2 ) foxg X: g 2 G [7; rjg^. 
By Proposition 5.40 of flU, any element h G [7; x, rJ^Ln may be written 

as 

(5.2.2) h= Y[hi, with hi G C ( S{l){E) xAr _ i)/2 for < % < r. 

0<i<r 

If 9i,9 2 e [75^?"]g(e) and 9j = Ylo<i< r 9ji are decompositions as in 
(15.2.21 ) for j = 1,2, then one verifies inductively that there are elements g[ G 
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,((r-i)/ 2 )+forO < i < r such that {Yli 0<i<r 9n) {Hi 0<i< r 92i) = 
rL <;<r 9i f° r < i < r.ln particular, for i = 0, we obtain 

(5.2.3) 9l g 2 = H g[. 

0<i<r 

Lemma 5.2.5. If g G [7; x, rj^/^s and g = Y\ 0<i<r gi is a decomposition 
as in (|5X2l) , then Q(g) = U 0<l<r Q(9i)- 

Proof. One verifies inductively that py 1 ,^] = rL <;<r[7 _ \ 9i] (mod G(E) XiT+ ) 
for < io < r. Since G(E) X)r+ C ker <pE, evaluating <pE at both sides of 
the above identity for i = gives the desired result. □ 

Corollary 5.2.6. Q is constant on cosets of [7< r ; x, r+J^ E y The restric- 
tion of Q to [7; x, r]^ is constant on right cosets of [7; x, r]^. 

The appearance of [7 <r ; x, r+}jg, E s in the statement of the corollary is 
somewhat unexpected. It appears because 7 itself might not have a normal 
(r+)-approximation. If (as will usually be the case, by Lemma 8. 1 of H) it 

does have such an approximation, then [7; x, t+]g|_b) = l7<n x ' r +lc;(£) - 
Proof. By Proposition 5.40 of 0, any element g + G [7 <r ; x, r+Jgl^ may 
be written as g + = Ylo<i<r 9+,i> with 9+,i e C^ ) (7 <r )( J E) :Ei((r _i )/ 2)+ = 
Cq (7)(-E)x,((r-i)/2)+ for < i < r. If # € [7; x rj^ {E) and g = n o<i<r 9% 
is a decomposition as in (15.2.21) . then, by (15.2.31) and Lemma [5.2 .51 Q(g) = 

Uo<i <r and Q(9+9) = U 0<l<r Q(^)' Where ^ e £+,i^G (7)(£k((r-i)/2)+ = 

Cq ('y)(E) Xt (( r _ i y 2 ) + gi for < z < r, so it suffices to show that Q(g[) = 

Q(gi) forO <i <r. Ind eed, fo r such i, put fc, = g-g^ 1 G C^ ) (7)( J B) :Ci((r „ i)/2)+ . 

Upon applying Lemma 15.2.51 again (this time, with ki playing the role of 

gi- e fore sufficiently small), we obtain that Q(g' i ) = Q(^)Q(^) = ^{[l' 1 ,h])Q{9i)- 

Further, 

[7 -1 , ki] = [7^, fei] (mod G(E) Xtr+ C ker 
so it suffices to show that [7^, fej] G ker Since 

[7<r>fc»] G G (^)a:,((r+i)/2)+ = (Cq (7), G)(£?) a!) ((( r+i )/2) +) ((r+i)/2)+) 

and 7 <r G £(^(7)), Lemma 5.30 of d gives 

[7<r»*<] G (^G ) (7) ) G)(E) :Ci(r . +i((r+i)/2)+) , 

and Lemma 14.11 Remark I4.2L and Hypothesis 12.31 give that [7^, ki] G 
ker 4>e, as desired. 
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If g e [7;x,r] (s) and g' e [7; x, r]$, then, since 4>e\ Gxs+ = 4>\g xs+ 
and <p is invariant under conjugation by G' x 0+ , we have 

Q(g'g) = Mh-\g , g]) = kh-\g'g]) 

= Mh-\g]) = Q(g). □ 

Lemma 5.2.7. Ifgi,g 2 e [7; 

:c ' r lG(B) an d 9j — Ylo<i<r9ji are decompo- 
sitions as in (15.2.21) for j = 1, 2, then B(g 1 ,g 2 ) = Yl <i<r B(gu, 92i)- 

Proof. By (1572711) . (157231) . Lemma[57231 and Corollary EXU we have that, 
for suitable g[, 

Q(g 1 )Q(g 2 )B(g 1 ,g 2 ) = Q(g l g 2 )= J] Q(g[) = J] Q( gil g 2l ) 

0<i<r 0<i<r 

= J] Q(9ii)Q(92i)B{gii,g 2i ) = Q(gi)Q(g 2 ) H B( 9ll ,g 2l ). □ 

0<i<r 0<i<r 

For < % < r, let Y { be any element of e~]. i+ (7i)- If g u g 2 G [7; x, r]g{ B) 
and = rio<i<r fl'j* ^ decompositions as in (15.2.21) for j — 1,2, then put 

(5.2.4) log A Vfifo!, g 2 ) = lJ2 X*[\Yi,X x ],X u ], 

0<i<r 

wheret h-> t is the natural map from E to f E , and X^ e (e^( (r _ i)/2):((r _ i)/2)+ )~%ji)n 

Lie(CQ (7))(£') :B ,(r-i)/2 for < % < r and j = 1, 2. Note that there do ex- 
ist elements Xji in the indicated intersection, by Lemma lA74l and that this 
definition does not depend on the choices of the various Yi and X^. 

Lemma 5.2.8. log A \fB and B are symmetric, and 
B(gig[,g 2 ) = B(g 1: g 2 )B(g[ : g 2 ), 
log A \fB{g x g' x ,g 2 ) = log A \/B{g l} g 2 ) + log A \fB{g[, g 2 ), 

and 

{A(log A VB( gi ,g 2 ))) 2 = B( 9l ,g 2 ) 
forg 1 ,g' l7 g 2 e [7; x,r}Q Ey 

Of course, B and log A \I~B exhibit analogous behaviors in the second 
variable, by symmetry. 

Proof. The symmetry and multiplicativity of B will follow from those of 

log A V^. 
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By Lemma [5 .2 .71 and (15.2.41) . it suffices to show the desired facts on each 

C§("/)(E) Xiir _iy2 . Accordingly, fix < i < rand g u g 2 G C§ (~/)(E) Xjir „ i)/2 ■ 
LetX, G Ue(C§(-y))(E) Xt(r ^y 2 satisfy^ G eJ ((r _ i)/2):((r _ i)/2)+ (X i ) for 
j — 1,2. Then 

[[^,Xi],X 2 ] = [[li,^ 2 ],^i] + [^,[X 1; X 2 ]] 
by the Jacobi identity. 

Since T is a maximal torus in 6^(7), we have 7; G ^(7) C T. Since 
[7*, [fl'i;^]] G C^^)^)^, Lemma 5.30 of [6] gives [7;, [gn, # 2 ]] G 
(T, Cq (7))(£ , ) Xj ( r+/r ). By two applications of Hypothesis |A. 1 (5)| we have 
that [Ki, [X x , X 2 ]j G (ef jr:r+ )- 1 [ 7i , # 2 ]] , hence (by Hypothesis g^gg 
that 

[Yi, [X 1; X 2 ]] G Lie(T,Cf ( 7 ))(£k( r+ , r) . 
Byaneasy analogue of Proposition 5.40 of [6], [y, [Xi,X 2 ]] G Lie(T)(£) r+ © 
(UeiT^iE) nhie(G)(E) x , r ), where Lie (T)^ = © ae0(G>T) Lie(G) a . 
Since X* G 3(0')* + 8* x , r + Q t* + g* jr+ , we have that X* [y, [X 1; X 2 ]] G 
£ + , so 



log A v^Q^i) = fX^p^X^Xj = IX^X^Xt] = log A VB( gi ,g 2 ). 

Now fix ^ G C®(j)(E) Xj(r _ i)/2 , and choose X( G Lie(Cf(7))(£Wr-*)/2 
such that ^ G < f(r _ fl/2 w fr ^ V2H (*i). Then, since < ((r _ i)/2):((r _. )/2)+ is 



,((r-i)/2):((r-i)/2)+V-l7- — c *,((r-t)/2):((r-*)/2)+ 

a homomorphism, we have that g 1 g[ G e^ ((r _ i)/2):((r _ i)/2)+ (Xi + X(), and it 
follows immediately that log A VB(g 1 g' 1 ,g 2 ) = log A VE(g u g 2 ) log A y/B{g[,g 2 ). 

Finally, note that [[#,, 7~ 1 ],#i] = [[92, 7> t -]» gi ] = [[#2, 7j _1 ], #1] (mod G^. 
and, by two applications of Hypothesis |A.1(5)| and the fact that 7" G 
<„+(^),that [[^tT'Ui] e ^^([[y^X^X^so 

B(<7i, £2) = 0e ( [[92, 7 _1 ] , Si] ) = A (** [K, X 2 ] , X 1 ] ) 

A(ix*[[y,x 2 ],xj)) 2 = (A(log A VI(^,5 2 ))) 2 - □ 



Corollary 5.2.9. We have Q(g) = A(log A VB(g,g))forg G [7;^]^. 

Proo/ Note that 7; G zjp(j) C T for < z < r. Since the choice of y G 
e~ j.j + (7i) does not matter in (|5.2.4I) . by Lemma lA4l we may, and do, take 

Yi G t. If < i < r, a G $(cf(7),T), and g G U«(£) n G(£), i(r _ i)/2 , 
then choose 

X G Lie(U a ) (E) n Lie(G)(E) 1 . (r _ i)/2 

such that 

9 G e a . ) (( r _ i )/ 2 ).(( r ._j)/ 2 ) + (X). 
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(Such an X exists, by Lemma lX6l ) Since Lie(U a ) is Abelian and preserved 
by ad(Yi), we have that [\Y h X),X] = 0, hence that 

log A VB(g, g) = \X*[\Y U X],X] = 0. 

If a = 0, then [7<* > g] — 1 G ker (j) E . Otherwise, by Lemma |4T1 Remark 
14.21 and Hypothesis 12.31 we have 

[ 7 < r \s] e U a (E) n G(S) ai , (r+0/!! C (T,G)(£) !B , (r+ia+ ) C kei4> E . 
In either case, 

Q(<?) = Mh~\g}) = h{h<li9\) = i = A(iog A Vs(<?,<7)). 

By Definitions 5.13 and 9.3 of JH, we have shown equality on a set of 
semigroup generators for [7; x, r}^ E y Since g 1— > <2(g)A(log A y/B(g, g))~ l 
is multiplicative by (15.2.11) and Lemma |5.2.8[ we have equality everywhere. 

□ 

Lemma 5.2.10. If g 2 G [7;a;, t]^ is such that B(g, g 2 ) = 1 for all g G 

[7;x,r] (s) , ^en# 2 G [7; x, r]g/[7 <r ; x, r+] {s) . 

As remarked after Corollary l5.2.6l the unexpected appearance of [7< r ; x, r+] 
in place of [7; x, r+J^ compensates for the fact that 7 might not have a 
normal (r+)-approximation. 

Proof. By Lemma l5.2.7l (and the fact that, by Proposition 5.40 of flU, all the 
terms in a decomposition (15.2.21) of an F -rational element may be taken to 
be F-rational), it suffices to consider the case that g 2 G Cq {^) x ,{r-i)/2 f° r 
someO < i < r. Notice that [# 2 ,7 _1 ] = [92,1>1] e C§(^) x ^ r+i -)/ 2 . There- 
fore, if g G (C§ ) (7),C7) :Ci ((( r _ i )/2)+,( r -i)/2), then Lemma 5.32 of @ gives 
that [[g 2 , 7 _1 ], <?] G (Cg (7), GQaj^r^r), hence, by Lemma |4T| and Remark 
El that [[ 7 - 1 ^ 2 ],0]^) : = K[[92^'\g\) = 1. That is, [b^U] is 
trivial on (C^ (7), G) X} ( r+)r ). By hypothesis, it is also trivial on Cq (7)^ > 
hence, by Proposition 5.40 of J6l, on G^, r . By Lemma iBTl 

g 2 G (C^ ) (7),C§ ) (7)) a;i( ( r __ i )/2,((r- t )/2)+) C lr,x,r}%l'y < r,x,r+f'\ 
as desired. □ 

Via (|5.2.1I) . we may view Lemma l5.2.10l as an "upper bound" on the size 
of the level set of Q containing a fixed element g. Since Corollary 15.2.61 
describes uniform "lower bounds" on the sizes of the level sets of Q, we 
have quite precise local constancy information. 
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Notation 5.2.11. In addition to Notation for a G $(G,T), let V Q 
denote the image of 



in 



Lie([7; x, rf$ (E) lj <r ; x, r+]§ E) )\ Lieflfy; x, rj^\ E) ), 

and V a the set of T Q -fixed points in V a . (The symbols V a and V a had 
a different meaning in ^|3]) More concretely, we have that V Q = {0} 

if a G $(G',T) U $(^ r) (7),T) or a £ $(C"g +) ( 7 ), T); and, if a 6 
$(ct + ^ 7 ),T)\($(^T)U$(^^ 

where i = ord(a(7 <r ) — 1) and a + (r — i)/2 is the affine root with gradient 
a whose value at x is (r-i)/2. PutT(0, 7 ) = {a G $(G,T) | V Q ^ {0}}, 
and 

), 7) = { a G T(0, 7) I —a G T ■ a and r; a 7^ 1 on f a } , 



T 



symm.unram V 



T symm ,ram(0, 7 ) = { a G T(0, 7) | -a G T • a and rj a = 1 on f Q } , 



and 



r s ^(0, 7 ) = {aGT(0,7)| -a^Y-a). 

We will omit and 7 from the notation when convenient. Note that all 
of these sets are V x {±l}-stable. We denote by T symm)Uniam (0, 7) and 
T symmir am(0, 7) sets of representatives for the T-orbits in the appropriate 
sets; and by T symm (0, 7) a set of representatives for the Y x {±l}-orbits 
inTsymm . Finally, put t symm (0, 7) 



^symm,unram U 7 S y mmram , 7(<J>. 7j 



T symm U±T symm ,and/(T 



symm,ram 



(^7)) = Ec 



ran, Z 



The proof of the following result is a relatively straightforward applica- 
tion of results from [0 that allow us to combine and manipulate groups of 
the form tG x j. 



Proposition 5.2.12. 



1/2 



|0(&7)l =[[7<r;z,r] : [7< r ; x, r] G ,C7 a 

x [7<r; x, r+j : [7 <r ; x, r+\ G ,G a 
x|(4 , + )(7),4° +) (7)) 3 



1/2 



-1/2 



x,(r,s):(r,s+) \ 

Proof. Since none of the quantities involved change if we replace 7 by 7 <r , 

we do so. Write V = [ 7 ; x, r]^; [7; x, r+]^\[ 7 ; x, r]^. For < j < s, 

we have that (C^?,~ (7), 4~ 2 ^(7))z,(jj):(j,i+) is naturally isomorphic to 
a subgroup of V. It is straightforward to check that V is the direct sum of 
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these subgroups. Then reasoning as in the proof of Proposition ^ .81 (applied 
to each direct summand) shows that 



(5.2.5) 



V= V a ® V± a =:V, 

aet syram aef s * mm 



where, as before, we have written V± a = V a © V~ a for a G Y symm . Write 
B for the pairing on V induced by (15.2.51) (and the pairing log A \f~B on V). 
Notice that B is f-bilinear. By Lemma l5.2.10l B is non-degenerate. 
By Corollaries 15X61 and l5T2~9l 



(23 



[ 7 ;x,r]g[ 7 ;x,r+] : [ 7 ;x, r]g4° +) ( 7 ), J ^ Q{g) 



gev 



l T ,x,rf$lr,x,r+l : [ 7 ; x, r]g4° +) ( 7 ) J £ A(B(X,X)) 



Since £> is non-degenerate, we have by Lemma I5.2.2I that (in the notation 
of that lemma) 



\V\ 1/2 <5(V,B) = \V\ 



1 1/2 



IV 



1/2 



Thus 



101 



(5.2.6) 



[ 7 ;x,r]g[ 7 ;x,r+] (s) : [ 7 ; x, rj§C§ + \lU 

[ 7 ;x,r] w : [ 7 ; x, r]£/[ 7 ; x, r+f sj 
[ 7 ;x,r]g[ 7 ;x,r+] (s) : [ 7 ;x,r]$4° +) (7k 

1/2 



1/2 



[ 7 ;x,r] (s) :[ 7 ;x,r]^r j (7), 



(In the second and third expressions being compared, the first terms are the 
same, except that the latter contains an extra exponent of 1/2.) By Remarks 
6.7(1) and 6.7(4) of il, 



(5.2.7) 



lr,x,rf s) G XjS = lr,x,rj. 



Upon writing [ 7 ; x, r+] < - s ' ) and [ 7 ; x, r+Y"^' as groups of the form tG x j , 

using Definition 9.3 of loc. cit., we see that [ 7 ; x, r+]' s ' = [ 7 ; x, r+] (s+ ' ) . 
Therefore, again by Remarks 6.7(1) and 6.7(4) of loc. cit., we have that 



(5.2.8) 



lr,x,r+f s) G x , s+ = lr,x,r+l 
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By Proposition 5.40 and Lemma 5.29 of @, we have the following equali- 
ties: 

(5.2.9) [ 7 ;x,r] (s) n lr,x,r] G ,G x , s = [ 7 ;x,r]g4 0+) ( 7 ) XjS , 

(5.2.10) 

[ 7 ;x,r+] (s) n [7;x,r]g4 0+) (7), s = [ 7 ; x,r+}$C§ + \ 7 ) x>s 

(5.2.11) 

[ 7 ;x,r+] (s) n [ 7 ;x,r+] G ,(4 0+) ( 7 ),G),, (s , s+) = [ 7 ; x, r+]g4° +) ( 7 ),, s 
and 

(5.2.12) 



(Cg +) (7) ; 4° +) (7)),,(,, s ) n [ 7 ;x,r] G ,G S)S+ = (67^(^,67^^))^^^. 
By (15.2.71) and (15.2.91) , we have a bijection 

[ 7 ;x,r]g4 0+) ( 7 ) Xi A[7^,r] (s) — [ 7 ; x, r] G ,G x , s \lr, x, r], 



so 

(5.2.13) 



[ 7 ;v] (s) :[7;v]g4° +) (7k s = [ 7 ; x, r] : [ 7 ; x, r]^,. 



By (15.2.81) . since 0-,.,,+ C [ 7 ; x, r+j G ,(C G >('j),G) x ^ s , s+) , we have that 

[ 7 ; x, r+] G ,(4° +) ( 7 ), G%, (s , s+) \[ 7 ; x, r+j 
is naturally in bijection with 



[ 7 ; x, r+] G ,(4° +) ( 7 ), G) x>(s>s+) n [ 7 ; x, r+f s >)\lr, x, r+f s >, 

which, by (15.2.111 ), is just 

b-,Xir+} G 1C§ + \j) x>s \b;x,r+f 8) . 
By (15.2.101) . this latter set is naturally in bijection with 

[ 7 ; x, r]g4 0+) ( 7 )., s \[7; x, r] W[ 7 ; x, r+] (s) . 

Thus, 

(5.2.14) [[ 7 ;x,r]g[ 7 ;x,r+] (s) : [ 7 ; x, r]g4 +) ( 7 ),, 

\r,x,r+j : [ 7 ;x,r+] G ,(4 0+) ( 7 ),G) :l , { , iS+) 

By (15.2.121 ), we have an injection 

(4°' +) (7)>4° +) (7)k(r, s ):(r,s+) — ► Ir, x,r+j G ,G XiS+ \ [ 7 ; x, r+] . 
By Proposition 5.40 of (61, the cokernel of this injection is 

[ 7 ; x, r+j G , (4 0+) ( 7 ) , G) x , (s , s+) \ [ 7 ; x, r +] , 



lW 
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SO 

(5.2.15) 



= |(4 , +) (7),4 0+) (7)),,(,, s): (^)l 



x 



[ 7 ;x,r+] : [ 7 ;x,r+] G; (4 0+) ( 7 ),G) :c , (s , s+) 



= |(4 , +) (7),CT ; (7)),,(,, S): ^ + )| 

(where the last equality follows from (15.2.141) ). Upon plugging (15.2.131) and 
(15.2.151) into (15.2.61) . we obtain the desired formula for 1 1 . □ 

Proposition 5.2.13. 

0(0,7) = (_l)|" i VnmW>,7)| (_|g A (m/("'" S y™,™(^7)) 

sgn fa (|e Q iV Fa/F±(i (w; a )rfa v (X*)(a(7 <r ) - 1)) 



t(0+) 



>< n 

a€T S ymm,ram(</>,7) 



X S S n F ±a ( G ±a) 



where 



• <&A(f) w as m Definition ^. 2. 1\ 

• da v (X*) = X*(da y {l)); 

• w a is any element of F a , of valuation (r — ord(a( 7<r ) — l))/2, 
whose square lies in F± a ; 

• G± a is the group generated by the root subgroups U a and U- a of 
G; and 

• sgn F±a (G± a ) is +1 or —1 according as G± a is or is not F± a -split, 
respectively. 

We will show in the proof that an element w a as in the statement exists. 

Proof. As in the proof of Proposition I5.2.12[ we may, and do, replace 7 
by 7<r . Recall the notation B and V from the proof of Propo sition l5.2.12l 
and the elements Yi chosen before Lemma 15.2.81 By the way we defined 
log A VB and the isomorphism in (15.2.51) . V a is 5-orthogonal to Vp unless 
—(3 G r • a, and 

(5.2.16) B{X,X r )= rj^X*[\Yi,X],ri a X']) 

for X, X' G V a with a G T sym m, 

where % = ord(a( 7 ) — 1). In particular, the sums on the right-hand side of 
(15.2.51) are B -orthogonal. 
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Put (& = (5(0,7). We showed in the proof of Proposition 15.2. 12l that 
(3 = <8(V, B), in the notation of Lemma 15.2.21 so, by that lemma, we have 
that (3 = sgn f (det 5)0 A (f) dim f v . By (T533T) . 
(t) 

<5= J] sgn f (detB\ v je A (f) di ^ v «- ]J sgn f (det B\ v J<d A (f) dim < y± 

We will use in our calculations below the fact that (3 A (f) 2 = sgn f (— 1). 

For a £ "f s y mn \ the matrix of the restriction of B to V± a , with respect 
to a suitable basis, is of the form ( A ° t ¥ ) for some matrix M. Thus the 
determinant of this restriction is in the square class of (— l) dim f ^W 2 5 so 

(5.2.17) sgn f (det5| y J© A (f) dim ^ = 1. 

Fixct £ Y syram and put 2 = ord(a(7) — 1). Since a £ ^(C^ + \ / -f), T), we 
have that i > 0. As in the proof of Corollary 15 .2 .91 we may, and do, assume 
that Yi £ t. As in the proof of Proposition 13.81 we have an isomorphism 

La : V a = f a - Put X a = ^(l) and c a = X* [[Y u X a ] , r] Q X a ] £ f ±a . By 
(15.2.161) . L a identifies the restriction of B to V a with the pairing 

(ti,t 2 ) h-> |e a tr fa/f (c a -tiriafa)) 

on f a . The determinant of this pairing is 

(*) (±e a ) /a iV Wf (c Q )A, 

where A is the determinant of (ti, t 2 ) i— > tr fQ / f (ti?7 a (t 2 )). 

If a; £ T sy mm,unram ? then f a = dim^ Vq, is even (so (k e a) " is a square) and 
77 Q is a (dim f V a /2)th power of a generator of Gal(f a /f), so sgn Gal(Wf) (r) a ) = 
^_^dim, v a /2 ( w h ere sga Ggl niA is as in Lemma [37X1) . Further, we have that 

N fa/f (c a ) = N f±a/f (c a ) 2 £ (f x ) 2 . By LemmaO 

sgn f (A) = (-sgn f (-l) dim f^/ 2 ) /Q+1 = - sgn f (-l) dim f v "'\ 
so (*) gives 

(5.2.18) sgn f (det£L )<5 A (f) dimfVa = sgn f (A)((3 A (f) 2 ) dim f v «' 2 

) I Va. I 

= -sgn f (-l) dim f^ /2 sgn f (-l) dim f^ /2 = -1. 

If a £ Tsymm.ram, then F a /F± a is totally ramified. Since r] a a(^i) = 
ct(7) -1 , we have that i = ord(a(7) — 1) £ ord(F^) \ ord(F^ Q ). Similarly, 
since i] a da v (X*) = -da y (X*), we have that -r £ ord(F a x ) \ ord(F± a ). 
Since ord(F a x )/ord(F^ Q ) = Z/2Z, we have that r - i £ ord(F£J, so 
(r — i)/2 £ ord(F c x ). Let cCq, be a uniformizer of F Q that is negated by 
r] a , and let w a be a power of w a that has valuation (r — z)/2. In particular, 
w 2 £ F ±a . 



44 



ADLER AND SPICE 



Put H a = da y (l) e Lie(G ±a )(F Q ), so that da y (X*) = X*(H a ). Then 
Lie(G ±Q ,) is the sum of the a-weight space Lie(G)o,, the (— a)-weight 
space Lie(G)_ a , and the Cartan subgroup i a spanned by H a . Since [X a , rj a X a 
and H a both belong to the 1-dimensional F^-space t a (F a ) and H a ^ 0, we 
have that there is a constant t a £ F a so that [X a , rj a X a ] = t a H a . Since H a 
and [X a , 7] a X a ] are both negated by r] a , we have that t a e F± a . Then 



c a = X*[[Y h X a ],rj a X a ] = X*(da(Yi)t a H a ) = t a da^X*)da(X^. 

We claim that ord(t a ) = r — i. Indeed, since d x (H a ) = 0, we have that 
ord(t a ) = d x ([X a , rj a X a ]) > r — i. Suppose that we had ord(t a ) > r — i. 
Since ord(da v (X*)) > —r and ord(c?a(F i )) > i, this would mean that c a 
was the projection to f E of an element of E 0+ ; that is, that c a = 0. (Both 
inequalities of valuations in the previous sentence are actually equalities; 
but we do not need this.) Thus V a would be totally 5-isotropic — which, 
by orthogonality of the sum in (|5.2.5I) . would be a contradiction of the non- 
degeneracy of B. 

We claim that t a N Fa / F±a (w a )~ 1 projects to a square in f* if and only if 
G± a is F± a -split; i.e., if and only if Lie(G± a ) is F± a -isomorphic to s[ 2 . 
Once we have shown this, we will have that 

(**) sgn f (iV Wf (c a )) = sgn fa (c a ) 

= sgn fa (N Fa/F±a (w a )da y \X*)da{Yi)) sgn F±a (G ±a ). 

If the image in f a of t a N Fa / F±a (w a ) _1 equals 9 for some 9 e f *, then, 
since f a = f± a and p ^ 2, we may find an element 9 E F± a such that 
taN Fa / F±a (wa)^ 1 = 9~ 2 . Then the unique F a -linear map Lie(G± a ) — > 
s[ 2 satisfying 

v W a ( -1 ^\ v VoWa f-l ~V3' X 

X <* ^ 7T7T „ 1 > VaX a 



29 \~w a I r " 29 VtJ7, 



ro a 



is an F± a -isomorphism of Lie algebras. 

Suppose, on the other hand, that i : Lie(G± a ) — > sl 2 is an F± a - 
isomorphism of Lie algebras. Then the co-character lattice of i(t Q ) contains 
a simultaneous (—1) -eigenvector for every element of r\ a ■ Gal(F sep /F a ), so 
the Cartan F ±Q ,-subalgebra 6(t Q ) is GL 2 (F ±Q )-conjugate to the Cartan F± a - 

subalgebra t' spanned by ( ^ ro « 1 j . Replace t by its composition with the 

indicated conjugation. Note that da o l^ 1 is a weight for the adjoint action 
of t' on s[ 2 , hence is of the form ±da', where da' is the functional on f 
sending ( ^ j to 2. After further conjugating by ( I) if necessary, 
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we may, and do, assume that da o r 1 = da'. Then there is a constant 

-1 w~ v 

-ZU n 1 



w n 1 



t' a e F a such that 

= t' a 

hence 

i(rj a X a ) = rj a (i(X a )) = rj a (t? a ) 
Recall that i{H a ) G t'(F a ) is a scalar multiple of ^ ^ ro « 1 J . Since 

da'U(H a )) = da(H a ) = 2 = da' ( ° ^ 

in fact t(# a ) = ( ^ ^ ) . Thus, 

i(t a H a ) = L([X a ,r} a X a }) = [i(X a ),i(r} a X a )} = N Fa/F±a {2t' a )i{H a ). 

That is, t a = N Fa / F±a (2t' a ). Since ord(t Q ) = r — i, we have ord(t^) 
(r - i) /2. Then 

taNp./F^iw*)- 1 = N Fa/F±a {2t' aWa l ) = (2t' a w^) 2 (mod (F Q X ) 0+ ), 



i.e., t a N Fa/F±a (w a ) 1 projects to the square of 2t' a w a l . 

By Lemma l3dl sgn f (A) = (— 1)-^ Q+1 . Now (*) and (**) give 



dimt V, 



f V a 



(5.2.19) sgn f (detS| y J« A (f) 

= (-l) /Q+1 (sgn f (ie a )0 A (f)) /a 

x sgn fa (A^ Fa/F±a (w a )da v (X*)da(y i )) sgn F±Q (G ±a ) 

= -(-<& A (f)) /a 

x sgn fQ (ie Q A^ Fa/F±Q (u; Q ) ( ia v (X*) ( ia(r i )) sgn F±a (G ±Q ). 

We have used that sgn fc (n) = sgn f (n)^ Q for n e f. (Note that, if f a is even, 
then \e a e f x C (f*) 2 ,"and A (f)/° = sgn f (- l)^/ 2 .) 

Upon combining (f) with (15.2. 17M5.2. 191) , and the facts that 

• da(Yi) e (a(7i) - 1) + E i+ (by Lemma|A3]), 

• a(7<) e a((7< r )>i) + £ i+ , and 

• a((7<r)>i) = «(7<r), 

we obtain the desired formula. □ 
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5.3. A formula for 6 a on G'. The following easy technical result on inte- 
gration is probably well known, but we could not find a reference. 

Lemma 5.3.1. Suppose that A is a locally compact, Hausdorff topological 
group, and B and C are closed subgroups of A such that 

• B\A carries a quotient measure; 

• the image ofC under the projection A — > B\A is open; and 

• B n C is compact. 

Then, for any right Haar measures da and db, on A and B, respectively, 
there is a right Haar measure dc on C such that 



for all continuous, compactly supported functions f on A. 

Proof. The choice of da and db fixes a choice of quotient measure da on 
B\A. Since (B n C)\C embeds naturally as an open subset of B\A, da 
induces a quotient measure dc on (B n C)\C. Let db' be the Haar measure 
onBflC such that me&s db '(B n C) — 1. The choice of dc and db' fixes a 
choice of measure dc on C. Then 



Since the support of the outer integral is contained in (the image of) (B D 
C)\C, we have by our choice of dc that 





B\A Jb 





□ 



Recall that 7 is semisimple and x G ^(7). 
Proposition 5.3.2. 





<,e[ 7 ;x,r]W4 0+) ( 7 ),, s \l7^,r] (s) 
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Proof. By the Frobenius formula, 

gSstab G / (x)G x , s \ atab G / (x)G Xi o+ 

Since stabG'(x)G a . iS R G s ,o+ = G' xfi+ G XtS — which, by Proposition 5.40 of 
O, is (G", G) x ^ 0+ ^ — the indexing set for the sum is naturally in bijection 

with (G', G) X){0 +,s)\G xfi + ■ Thus 

(*) e a (j) = [ 9~ P ( 9 i)dg, 

where dg is the Haar measure on G x>0 + normalized so that (G", Cr)a:,(o+,«) 
has measure 1 . 

Put = G' xfi+ lr, x,rj = {g e G xfi+ \ j ± (g) = 00}, and, for i , j G 
R, put 

^» = {9 e ^,0+ I i x {g) = io,j L (g) = jo}- 

Note that the sets Si j , together with Soo, form a partition of G Xi o+ • By 
Remark 15. 1.2[ they are open. We will show that the portion of (*) taken 
over each S io j vanishes, so that the integral may be taken instead over S^. 
Fix i , j G M, and put 

• t = i + j , 

• H = C^\ 1 ), 

. H' = d%\i), 

• B = (G',G) x , { o+j 0+ ), and 

• C= {ge {H,G) Xii o + ,t +) I \T\g\ e (H',H) Xj(t0+M }. 
We claim that S iojo C SC. 

This is obvious if = 0, so assume that S io j ^ 0. Fix s G Si w - , 
so t x 0) = t (by Corollary 15X41) . By Remark 15X21 and Corollary [5131 
i < r — 2 j and t < r — j . By Lemma [5.1.6l there is 

h G (G , G) X! ( +,j +) = B 

such that [7 -1 , b^s] G (H f , H) x ^ to+>to y By Lemma 9.8 of 6^ 1 s G 
[7; x, £ ]> where [7; x, t ] is as in Definition 9.3 of loc. cit. Put s\ = b^s. 
By Remark |5.1.2[ ^(si) = «o> j^tsi) = jo> an d ^(si) = *o- Thus 

si G G,j, i0+ 

By Proposition 5.40 and Remark 6.7(4) of 10, 

[7; x, r](-H", G%,ow +) = lr,x,r} {jo \H,G) X!ij0jjo+) ; 
(H', G) (H>, H) 

and, since the commutator of G x $+ with (H', G) Xt (j j 0+ ) C G x j lies in 
0^0+ C (H',G) Xj{jodo+) , we have that [7; x, r] 0o) C G Xi0+ normalizes 
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(H',G) Xi (j 0t j 0+ ). Thus we may write si = k'k^k, with k! G G' x 0+ (H', G)x,(j ,j +)- l 

k_ G [7;x,r] (:,o) , and k G (H', H) x ^ jo+Jo y By Proposition 5.40 of loc. 
cit.,k' G (G',G) X) (p + j 0+ ) = B. By Remark 6.7(1) of loc. cit., 

(5.3.1) lr,x,rf o) C [ 7; x,r-jo] (jo) 

C [ 7 ; x, r - jo] n e^r 2jo) (7ko + C [ 7 ; x, t„+] H ii a , 0+ . 

Also, (if', H) X:{jo+:jo) C if X)io C [7; x, t ]. Since s x G [7; x, t ], this means 
that k! G [7; x, t } fl (G", G , ) x . ) (o +JO+ ). By Lemma 5.29 and Proposition 5.40 
of loc. cit. , 

[ 7; x,t ] n (G', g) Xj (o+j +) = [r,xM& + \[r,x,to] nG Xtjo+ ). 

Write k! = k"k' + , with k" G [7; x, t ] { $ +) and *4 G [7; x, t„] n G Xiio+ . By 



Remark 6.7(1) of loc. cit., [7; x, to]% +} C i/£ 

[7" 1 , fc"] G i^ 0+ n G L,i = H 'x,t ^ ^' G )x,(t ,t +,to)- 



Since the commutator of G Xt0+ with (if', if, G%,(t ,t 0+ ,to) ^ ^Wo lies 
in ^,(0+ C (H 1 , H, G) X: (t 0ito+ito ), in particular k" G C7 X ., + normalizes 



Now, using (|5.3.1I) and imitating the above argument that [7 1 ,k"] G 
H' xtQ , we see that [7- 1 , G ff a ., to+ C (if', i?) Xi(to+)to) . Also, by Lemma 
5.32 (or Corollary 5.21, if i = 0) of®, 

h~ l ,k) = [j> io ,k] e {H',H)x,({i +j )+,io+jo) = ( H ^ H )x,(t +,t )- 
Thus, since G ii x , + normalizes (ii', H) xAto+M) , 

[-f-\k„k] G {H',H) Xt{to+tto) . 

Thus s = 6c, where 6 := b\k' G 5 and c := G C. 
Now we claim that 



By Lemma 9.1 of loc. cit., 



[7 



,k' + ] G (H,G) Xi (t 0+ ^ C (H',H,G) Xt ( t0jto+tto y 



(H',H,G) x ^ tQito+i t ). Thus 
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Once again, this is obvious if S i(j j = 0, so suppose S io j ^ 0. Note that 
(H', i7) a . ) (( r _ to ) +)7 ._ to ) C B. By Lemma [5.3. 1[ applied to the function send- 
ing g E G to [S iojo ](g)9p( 9 'y), we have that 



(5.3.2) / Op( 9 j)dg = (const) / f [S^bc^^dcdb 

JS io j J B JC 



= (const) / / / [S iojo )(bhc)6p( btlc i)dhdcdb. 

Suppose 6 G B,h E (if', -H")a;,((» — to)+,f — *o)» an ^ c G C. By Remark [5 .1.21 
[S' iwo ](6/ic) = [^ojoKc). We have that 

(5.3.3) te 7=[M' e 7'[[c,7 _1 ] l 4 

By Lemma 5.32 (or Corollary 5.21, if z = 0) of flU, 
(5.3.4) 

[h,H = [h,J>i ] ^ (# > #)x,(r-to+io)+,r-to+io) ^ J ^)a;,(r+,r-io) • 

By the definition of the group C, we have [c, 7 -1 ] G ■ Thus, since 

h G G Xtr -t , we have 

(5.3.5) [[c,l-\h] EG Xjr . 

Combining (I5.3.3M5.3.5D gives 

bhc j G b (G',G) xXr+ , r . 3o) ■ bc 7 • b [[c^-\h] 

C (G", G) :r> ( r+ir _ io ) ■ bc 7 ■ [[c,7 _1 ], /i]G Xi r+ 

for b E B = (G',G) x j 0+! j Q+ y The containment on the second line fol- 
lows from the fact that, by Corollary 5.18 of [6J, (G r , G) x ^ r+jT -j ) is nor- 
malized by B = (G', G) x . i (o+ JO ). Now, by Lemma [231 and the fact that 

(G", G) X) (r +ir -j ) C ker0, 

%( bhc 7) =0([[c, 7 - 1 ]^])^( 6c 7) = [[T -1 ^]^]^)^), 

where [[7 -1 , c], 0] is the character of G x ^ to given by g 1— > 0([[c, 7 _1 ], <?] )■ 
In particular, the inner integral in (15.3.21) is unless c E C D S io j and 

[[7"\ c], 0] is trivial on (H', H) Xt{{r ^ to)+ , r _ t()) . 
Fix c G C fl S io j for which the indicated character is trivial. If g E 

G' x r _ tQ , then, by two applications of Hypothesis |A. 1(5) 



[[ 1 -\c}J](g) = ^([[c, 1 - 1 },g])=l. 

If g E {H,G) xA{r _ to)+tr _ to) , then, since [c,-/- 1 ] E (H', H) xAk)+M) C 
flx,to . we have by Lemma 5.32 of [6] that [[c, 7 _1 ], <?] G (if, G% i( y +jr .). By 
Lemma |4~T1 and Remark H31 (if, G f ) a!( ( r+)r ) C ker 0, so g E ker [[7 _1 , c], 0] . 
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We have seen that [[7 -1 , c], 0] is trivial on the group generated by (H', H) x ^ r _ to -) +:r _ to ), 
G' x r _ to , and (H, G) x ^ r - to ) + , r -t a ), which, by Proposition 5.40 of [6], is all 
ofG X)r -t - By Lemma EH this means that [7 _1 ,c] G (G',G) x> (p+, to +). 
Since c G C, also [7~\c] G (G', G) x ^ to+t t y, so in fact [7~\c] G G x , fo+ 
This contradicts the fact that t = t _L (c). Thus the inner integral in (15.3.21) 
is always 0, so L 6p( 9 ^)dg = 0, as desired. 

By Remarks 6.7(1) and 6.7(4) of 0, G XiS [7; ar, r] (s) = [7; x, r]; and, by 
Proposition 5.40 of loc. cit.,G' x0+ G x>s = (G',G) x ^ 0+tS y,soG x0+ l r y;x,r} = 



(G', G) xX0+tS) lr, x, r] By LemmaEl} there is a measure cf/t on [7; 



x, r 



lW 



such that 



L 



f{g)dg 



G' 0+ lr,xA 



f(gh)dgdh 



for all continuous functions / on G X;0+ . By definition, measd 9 ((G', G) x ,(o+,s)) 
1, so 



= meas^(G; >0+ [7;a;,r]) 
^o+b;^] : (G", G) x . ( o+, s ) 

[ 7 ;o;,r] (s) :[7;a;,r] (s) n(C7',C7^ (0+iS) 



By Lemma 5.29 of [6], [7; x, r] (s) n(G", G% j(0+jS ) = [7; x, rf°!C^> (^^ . 
Thus 



^(7) 



^p( 9 7)^ 



Gi.o+IIw] 



[ 7 ;z,r]|( s > •/(G',G) a ,,(o+ 1 .) 



9p( 9h 7)dgdh 



Proposition 5.3.3. 



0p( fc 7)d/i 



^p( 9 7). □ 



se[ 7 ^,r4 s , ) 4 0+) ( 7 )x,A[7^,'-] (3) 



^(7) = b<r, x, r] : [7 <r ; x, r\ G ,G a 



1/2 



x 



1/2 



[7 <r ;x,r+] : [7< P ;o;,r+] G! /G ! a ., a+ 

X < S(0,7<r)£(0,7<r)^r d _ 1 (7), 

where <B(0, 7< r ) a* in Proposition \5.2.1 3] and s((f>, 7 <r ) z's as in Proposi- 



tion 



Proof. By Lemma [231 applied to a = and r<2_i (using the fact that 
G' xr C 2+ ), it suffices to verify the desired equality when 7 = 7 <r . 
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Then, by Proposition l5.3.2l and Lemma [231 we have 

0,(1) = £ e- P { 9 i) 

ff6[w]^ ) C§ +) (7)» > A[7H«',r] W 

= ^(7) Yl j>{[T\g\) = e~ P {i)\®\® 

(where (5 = (25(0, 7) and (25 = (25(0, 7) are the quantities calculated in $5.2\) . 

If 7 G stab G ,(x)^d-i _ sayj 7 = with g e sta b G ,(x) and k G K 4 ' 1 — 

then Lemma [2~4l and Proposition [3^8] show that 

0~ P {l) = P (k) = O^k x \)9 Td _ x {k) = ^(7 k 1)^,(7) 

= I (7) , 4° +) (7))*,(r, a) = (r, a+ ) I' 7 ' ^, 7)V, (7) • 

As in the proof of Lemma l2.5l we see that K (7 stabc(x) = K d ~ l . Thus, 
since J C K, we have stab G'( s ) J F nstab G ,(x) = stab G'^)(Knstab G /(x)) = 
stab G ,(x) K d-i_ Since 7 e sta b G ,(x), we have that, if 7 ft k^ 1 — 

so that 9 Td l (7) = — then 7 ft stab G ,{x)j^ — SQ mat a g am 

To complete the proof, we note that, by Proposition l5.2.12l 

l(4' +) (7), 4° +) (7)k(, lS ):(n S+ )| 1/2 



equals 



il/2r -| 1/2 

[7; r] : [7; x, rJ^G^J [[7; ac, r+] : [7; x, r+} G ,G x , a+ 
6. Induction to G 



□ 



In this section, we compute the character of the representation r = r d 
of stabc(x) induced from the representation (a, K a ) whose character we 
computed in $51 If G'/Z(G) is F-anisotropic, then we also compute the 
character of the representation n = n d of G induced from (a, K a ). As in 
$51 unless certain tameness and compactness hypotheses are satisfied, we 
must place mild restrictions on the elements that we consider. 

Namely, we fix throughout this section an element 7 G G, and assume 
that 7 has a normal r-approximation; but, unless otherwise stated, we do 
not assume that 7 G G or x G B r (^j). By Lemma 8.1 of J6l, under suitable 
assumptions on G, any bounded-modulo-Z(G) element of G that belongs 
to a tame F-torus will do. By [fL3l or 11241 . 6^(7) = unless 7 is bounded 
modulo Z(G), and the domain of r is already bounded modulo Z(G); so, 
under these assumptions, we need only require that 7 be tame. (Remember 
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that an element or subgroup of G is said to be bounded modulo Z{G) if its 
orbits in £> red (G, F) are bounded in the sense of metric spaces.) 

Lemma 6.1. IfMis a Levi F -subgroup ofG and 5 G C7 SS , then 
M\{ g eG\ 9 6eM}/C G (6)° 

is finite. 

Note that M above need not be an F-Levi subgroup (i.e., a Levi compo- 
nent of a parabolic F-subgroup). 

Proof. PutH = C G (5) and C = {g e G \ 9 5 e M). Since every (N G (M), H°)- 
double coset is a finite union of (M, F°)-double cosets, it suffices to show 
that N G {M)\C/H° is finite. 

Let S be a maximal torus in G containing 5. For g G C, we have that 
Z(M 9 )° C S C H°, so M 9 fl H° = Cu°(Z(M. 9 )°) is a Levi subgroup 
(necessarily defined over F) of H°. Consider the F-equivariant map / 
from N G (M)\C to the set of Levi F-subgroups of H° that sends N G (M)g 
to M 9 H H°. We claim that / is finite-to-one. Indeed, for g Q G C, fix a torus 
T 90 that is maximal in M 90 n H°, hence in G. Then N G (M)g h-> M 9 is an 
injection from the fiber of / over M 90 fl H° into the set of Levi subgroups 
of G containing T 90 , which is finite. 

Thus there is a finite-to-one map from N G (M)\C / H° to the set of H°- 
orbits of Levi F-subgroups of H°. Recall that there are only finitely many 
H°(F scp ) -orbits of Levi subgroups of H°. Thus it suffices to show that ev- 
ery such orbit contains at most finitely many F°-orbits of Levi F-subgroups. 

Accordingly, fix a Levi subgroup L C H°. Clearly, it suffices to consider 
the case where L is F-rational. Then the intersection of the H°(F sep )-orbit 
of L with the set of Levi F-subgroups of H° is 

{L h | he H°(F sep ) and ha(h)- 1 G iV H o(L)(F sop ) for a G Gal(F sep /F)}, 

which is naturally in iF-equivariantbijection with (Ar H °(L)\H )(F). Thus, 
it suffices to show that (L\H°) (F)/H° is finite. Standard Galois cohomol- 
ogy arguments show that this latter set is in bijection with the kernel of 
the natural map F 1 (F sep /F,L(F sep )) — > H\F sep /F, H°(F sep )). Un- 
der the assumption that F has characteristic and that G is F un - split and 
F-quasisplit, [22, §§2.2-2.3], describes a bijection of H\F un /F, L(F un )) 
with the set of torsion points in a certain finite quotient of the lattice of 
cocharacters of a certain torus (see Corollary 2.3.3 of loc. cit.). However, it 
is observed there that the splitness and quasisplitness assumptions are un- 
necessary (although we need to take the torus T of §2.3 of loc. cit. to be 
the centralizer of a maximal F un -split torus containing a maximal F-split 
torus); and it can be checked that the proof also does not require char F = 0. 
Thus, F 1 (F un /F,L(F un )) is finite. Since H 1 (F scp / F nn , L(F sep )) = {0} 
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(as observed in E §3.2]), we have by [[58l §1.5. 8(a)] that H^F^/F, L(F se P)), 
hence a fortiori the desired kernel, is also finite. □ 

For the remainder of this paper, we fix a normal r-approximation to 7 
(hence to all of its conjugates and truncations), so that 7 <r is a well de- 
fined element. For the remainder of this section, we put H = Cc(7<r)- 
(Note that Proposition 8.4 of [6] guarantees only that H°, not necessarily 
H itself, is determined by 7; but, since we have chosen a specific normal 
r-approximation, there is no ambiguity.) 

We need to prove a result analogous to Lemmata 10.0.5 and 10.0.6 of 
Il22l . First, we prove an analogue of Lemma 7.0.9 of loc. cit. 

Lemma 6.2. Suppose that 7 is regular semisimple in G. Then 7> r is regular 
semisimple in H. 

Proof. By Definition 6.8 and Lemma 6.13 of [6], 7 G C^(j) = H°. Thus, 
there is a torus containing both 7 and 7 <r , hence also 7> r . In particular, 
7> r G H° is semisimple, so it suffices to show that Ch(7>t-)° is contained 
in a torus. We have that C H (7>r) Q C G ('y <r 'y> r ) = C G (^j), soC H (7>r)° Q 
Cg{i)°- By regularity of 7, we have that Cg{i)° is a torus. The proof is 
complete. □ 

Lemma 6.3. Suppose that G'/Z(G) is F -anisotropic and 7 is regular 
semisimple. IflCn is a compact open subgroup of H°, then 

9^ [ 6 a ( 9k l)dk 
is compactly supported on G/Z(G). 

Proof. By Lemma I6T1 (with M = G'), since K a contains G', the set of 
(K a , if°)-double cosets in G containing an element g with 9 7 <r G G' is 
finite. By Corollary I4.5L the support of the function occurring in the state- 
ment is contained in the union of such double cosets. Thus, it suffices to 
show that the restriction of the indicated function to any (K a , H°) -double 
coset has compact support. 

Fix a double coset K a gH° in G. Since 6 a is invariant under conjugation 
by the compact-modulo-Z(G) group K a , it suffices to show that 

ftn / 9 a ( 9hk -f)dk 

is compactly supported on H°, modulo Z(G). Suppose that h G H° and 
k G JCh C H°. Then 3 hk 1 = ( 5 7 <r )(^ fc 7> r ). Therefore, by CorollaryS^l 

9a( 9hk l) = [ G - 0+ G"](^<,)^( s 7< r )-[i3(H,F)]((^fc)- 1 x) 

X \G x A{ 9hk l>r)k 9hk l>r)- 
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Since hk j> r G H°, we have that 9?tfc 7> r G G X)7 . if and only if hk j> r G 
H° Pi G g -i Xir . Thus it suffices to show that 

(*) h» f ^(H.flK^r^l.^n^gfVl^V)* 

is compactly supported on H°, modulo Z(G), whenever 9 7 <r G Gx >°+G'. 
Since (*) does not change if we replace g by an element of K a g, we need 
only consider the case that 9 ^ <r G G' . 

If g~ l x G' B(H, F), then the function (*) vanishes. Suppose that g~ l x G 
B(H, F) (as well as 9 7 <r G G'). Then, by Remark 6.10(2) of [H, 9 7 <r G 
stab G (x). Let = (H, f H , x H , p' H0 ) be a cuspidal datum (see Defi- 
nition [2J]) such that 

(1) H = (H° C H 1 ), where H° = H° n fl-1 G' and H 1 = H°; 

(2) (f H = (<p Hfi , 1), where <p Hfi = <p 9 \ HQ \ 

(3) r H = (r, r); and 

(4) x H = g~ l x. 

(Note that H°, 4>h,o and xh all depend on g as well as on H.) As in $21 there 
are associated to the datum Y, H a compact- modulo-Z (H) open subgroup 
of H and a representation p' TjH of K# such that tt^ h = Ind^ p' Eir 
is an irreducible supercuspidal representation of H. Put K aH = Ky; h H X:0+ 
and oh = Ind i<r CTH p' Eff . Now we are in the situation of $5](with (G, o) there 

replaced by (H°, oh))- 

By Corollary 14.61 for h G H° and k G Kh, we have 

M^7>r) = [B^FMhkr'xH) ■ [H XH A( hk l>r)h,0( hk l>r) 

= [B(H, F)]((ghk)~ l x) ■ [G^IPV)^"^,). 

Since 9 aH is a sum of matrix coefficients of the supercuspidal representation 
tt h , it is a cusp form (or 'supercusp form', in the language of |28l §1.3]) on 
H°. In particular, by Lemma 23 of [|28l (the proof of which does not depend 
on char F being 0) and our Lemma l6\2l (*) is compactly supported on H°, 
modulo Z(H°). Since 7<r G G', we have that Z(H°) = Z(C G (j <r )°) C 
G" is compact modulo Z{G), so (*) is also compactly supported on H°, 
modulo Z{G). ~ □ 

The portion of the following result concerning @„. is the analogue of 
Lemma 10.0.4 of ||22l 

Theorem 6.4. If x G B r {^), then 

(6.1) 9 T {i) = M^Y, 9 *^^*®^'^- 

g 
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IfG'/Z(G) is F -anisotropic and 7 G G is regular semisimple, then 

(6.2) 9,(7) = Ml) Y, e ^<^xA%\ 9 l>r))- 

a 

The sums run over those double cosets in stab^' (x)G Xj0+ \ stabcix) / stab H (x) 
or G'G X)0+ \G/ H, respectively, containing an element g such that 9 7 <r G 
G' andx G B r ( 9 ^). 

Here, /2^t b f s f ne function representing the distribution (|6.4I) be- 
low, and both it and fi^l are defined with respect to the Haar measure on 
9 H/Z{G) normalized so thatme&s(K a n 9 H/Z{G)) = 1. 

If we used a suitable exponential map in place of e x (one that, among 
other things, was conjugation invariant and defined on all the filtration lat- 
tices Qy jr for y G B(G, F)), then the sums in (16.11 ) and (16.21 ) could be ex- 
tended over all double cosets containing an element g such that 9 ^ <r G G', 
since Lemma lB4l shows that the extra summands would vanish. However, 
it is more convenient for our purposes to restrict the sum, so that we do not 
have to assume the existence of a suitable exponential map, and so that we 
can apply Proposition 15.3.31 (which is subject to the assumptions in force 
through all of $51 including that 7> r G G x>r ). 

Note that the orbital integrals appearing in (|6.2I) are taken over the ir- 
rational points of possibly disconnected groups 9 H. By Lemma [BT2l it is 
easy to describe them as sums of orbital integrals over the connected groups 
9 H° if necessary. 

Proof. Recall that K a = stab G ,{x)G Xt0+ , so K a = G'G xfi+ if G'/Z(G) is 
F-anisotropic. 

First, we compute 6> T (7) (in case x G B r {^)). By the Frobenius formula, 
we have that T ( 7 ) = Ml) E 96 K CT \stab G (s) ^( s 7), so 

(6.3) 6 T (l) = Ml) E E Wi) 

gdK a \ stab(j(3:)/ stat>£f(x) g 1 aK a \K a g stab h (%) 

= mi)Y1 E ^CS) 

g (stabg j J -(3F)n_R' CT )\ stabg^j (x) 

= d (7)E^(^)E^v,) 

g h> 

(where the equality on the last line follows from Lemma [231 and the fact 
that ( h ' 9r y)< r = 9 7< r for all g and h! as above). An easy formal calculation, 



using Hypothesis |A.7(2)| and the fact that me&s(K a n stabg H (x)/Z(G)) 
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meas(iC D 9 H/Z(G)) = 1, shows that 

(*) E ^"'^>r) = E A ( X *("V^)) 

h'G(stabg ff (S)fl-K' CT )\ stabg H (3F) h' 

= ti? 9H ^(^ 1 ( 9 l>r)), 

where //^t b is the function representing the distribution 

(6.4) I f (Ad* (ti^X^dti 

Jstabg H (x)/Z(G) 

on 9 h*. Now fix a double coset K a g stab H (x) with g G stabc(x). If there 
is no element g' in the double coset such that 9 7 <r G G", then, by Corollary 
14.41 we have that 9 a { 9r Y<r) = 0, so the summand corresponding to g on 
the last line of (|6.3I) vanishes. If 9 7< r G C7', then, since 9 7 <r G stabc(^), 
we have 5 7< r G stabc(x). In particular, 9 7 <r is in the domain of a, so 
9 a ( 9r y <r ) = 9 a ( 9 1<r), and the summands in (16.11) and, by (*), the last line 
of (|6.3I) corresponding to are the same. Note that gx G £> r ( 9 7), so, since 
x = gx, also x G i3 r .( 9 7). 

Next, we compute 6^(7) (in case G' /Z(G) is F-anisotropic). By Harish- 
Chandra's integral formula, for any compact open subgroup /C of G, 

(6.5) 6.(7) = ^4^0,(7) / / e\( 9 ' c l)dcdg\ 

deg(a) J G /z(G) Jk 

where dg' is a Haar measure on G/Z(G), and dc is the Haar measure on K, 
normalized so that meas(/C) = 1. (In characteristic 0, this was proven for 
supercuspidal representations — in particular, for n — by Harish-Chandra 
in ll28Tl . In [t5TTl . Rader and Silberger demonstrated an analogue of this re- 
sult for discrete series representations. In [4, Appendix B], Prasad provided 
a characteristic-free proof of a submersion principle of Harish-Chandra. 
Since the proof of the integral formula for characters (Theorem 12 of [|28l 
p. 60]) relies only on the submersion principle and Lemma 23 of ll28l p. 59], 
and since the proof of the latter does not depend on char F being 0, the cor- 
rectness of the integral formula in any characteristic follows.) 

For the remainder of the proof, we will assume that G'/Z(G) is F- 
anisotropic. We claim that the inner integral in (16.51) may be replaced by 
an integral over K, H := /C fl H°. (This is the analogue of Lemma 10.0.7 of 
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[22].) Indeed, 



^rluir'vM = [ [ e«{ 9 ' c i)dcdg' 

deg(vr) Jg/z(G) Jk 

e^'^dcdkdg' 



G/Z(G) JK 

r L, 

g/z(g) Jk h Jk 




k Jg/z{g) Jk. 



G/Z(G) Jk 



6 a ( 9 ' ck -?)dkdg'dc 
e^'^dkdg', 



II 



where dk is the Haar measure on ICh normalized so that meas(/C#) = 
1. (The equalities on the second and fourth lines come from routine Haar 
measure manipulations. The interchange of integrals on the third line is 
justified by Lemma [631 ) Thus, 

(6.6) 6.(7) =Ml) E 7Tt\ I I °A 9 ' k l)dkdg'. 

geK a \G/H ae ^ a ) J K a gH/Z(G) J K H 

Fix a double coset K a gH in G. Since g' i— > a ( 9 ' k 'y) is invariant under 
left translation by K a , we have that 



(6.7) / / e^'^dkdg' 

JK„gH/Z(G) JK„ 



'K a gH/Z{G) JK H 

Q a ( yk ' 9 i)dk' 'dy 



K a {sH)/Z(G) JsK H 

f [ [ e^'^dk'dh'^ 

K^(sH)/sH JsH/Z(G) J9K H dh 

meas{K a ( 9 H)/ 9 H) [ [ 9 a ( h ' k ' 9 l)dkdti , 

JaHlZ(G) JbKh 



IsH/Z(G) JsKi 

where dy is the Haar measure on G/Z(G) used to compute deg(7r), dh' is 
Haar measure on 9 H/Z(G) normalized as in the statement of the theorem, 
dk' is the Haar measure on 9 fCu normalized so that meas( 5 'ICh) = 1, and 
dy/dh is the Haar measure on G/H deduced from dy and dh. If there is 
no element g' in the double coset such that 9 j <r E G' and x E B r ( 9 7), 
then, by Corollary 14.51 the summand in ( 16.61) corresponding to g vanishes. 
Otherwise, we may, and do, assume that 9 ^ <r E G' and x E B r ( 9 ^i). Now, 
by Corollary |4.6[ 



0,(^7) = 6 a ( 9 1<r ) ■ ^H^r 9 !^)^' 9 ^) 



_i _ deg(a) 
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for ti E 9 H and k' E 9 JC H \ and 

meas(KJ 9 H)/ 9 H) = meas(KJZ(G))meas(K r7 n 9 H/Z(G)) 

deg(7r) 

where the last equality follows from the normalization m.eas(K a C\ 9 H / Z(G)) = 
1 and the fact that tt = Ind^ a. Combining these two facts with Lemma 
|B3](with Z = Z{G)) and (|§?7T) . we see that the summands in (l6~H) and 
(16.61) corresponding to g are the same. □ 

We would like a way of describing the sum in Theorem 16.41 as running 
over a set of conjugates of 7, not over a set of elements conjugating 7. How- 
ever, really we are interested only in conjugates of 7< r , not of 7. We define 

below an equivalence relation ~* on the set T((G\ . . . , G d ), (r^, . . . , r d )) 
that makes this precise, and then sum over equivalence classes for this re- 
lation in Corollary 16.61 Since we will need them later, in fact we define a 

family of equivalence relations ~. 

Definition 6.5. For < i < d, let ~ be the equivalence relation on T((G\ . . . , G d 

such that, for two elements 8 and 8' of that set, 8 ~ 8' if and only if 

8' E stab G^)«5 <r . for all i < j < d. 

Corollary 6.6. If x E B r (j), then 

(6.8) 6 T (i) = ^(7)E^(^)^ bH ' (5) ( e ^(T>,))- 
IfG'/Z(G) is F -anisotropic and 7 is regular semisimple, then 

(6.9) 6.(7) = &(7)£*«r(Y<J/&teV>r))- 

//ere, fi^ H ' and fix* are defined with respect to the Haar measure on 
H'/Z(G) normalized so that me&s(K a D H'/Z(G)) = 1, anJ swrns are 

taken over ^-equivalence classes of elements 'j' E stabG ^^7nT((G', G), (r, r^)) 
(respectively, 7' G G 7 n T ((G', G), (r, r d )) wif/i x G £7.(7')). 

The notations T((G', G), (r, r<f)) and d ~ X are as in Definitions 11.4.11 and 



respectively. By abuse of notation, we have written H' in place of 
CG(7< r< i_ )' even though this group depends on 7'. 

As observed after Theorem 16.41 by Lemma |B.2[ we may describe the 
orbital integrals over the possibly disconnected groups H' as sums of orbital 
integrals over H'° . 

Proof Let Q be a subgroup of G containing st&ba>(x)G X fi + , and put H = 
HHG and C = {g eQ \ 9 7 G T((G', G), (r, r d )) and ar G B r ( 5 7 )}. 
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First, we claim that the natural map /i : stabG'(x)\Q /H — ► staba'(x)G x>0+ \Q /TC 
furnishes abijection of stabc (x)\C/H with the set of (stabc (x)G X fi + , H)- 
double cosets containing an element of C. The map is clearly surjective, so 
it suffices to show that it is injective. Suppose that g x , g 2 G C are such that 

stab G >(x)G X)0+ giH = stab G/ (x)G xfi+ g 2 H. 

Since stab G /(x)G X:0+ = G x>0+ stabc(x), we have that 

G X fl+g\H fl stabc'tX)^^ 7^ 

— say kg{H. = g ' g<iH, with k G G Xj0+ and g' G stabc'(x). Then k9l/ y <r = 
9 ' 92 7< r G G". Since 9l 7 <r G G" and x G B r { 9l ^ <r ), we have by Lemma 
9.10 and Corollary 6.14 of © that k G G^ 0+ ( 9l H) Xi0+ . In particular, 
%i G stabc'(X)<7i-ff. Since also fc^i G we have 

G stab G /(x)gi-£/~ fl £ C stab G '(x)gi(H C\Q) = stab G '{x)g{H. 

Since G fc<7i7i, we have that g 2 belongs to the same (stabo'(x), H)- 
double coset as g\, as desired. 

Second, notice that the map f 2 on stab G /(x)\C/ H that sends a double 
coset stabc (x)gH to the stabc (x) -orbit of 9 j <r is a well defined injection. 

Third, consider the map / 3 from S = {7' G g 7 D T((G', G), (r, r rf )) | s G B r (Y)} 
to the set of stabc/(x)-orbits in e 7< r fl G' that sends an element 7' 6 5 
to the stabc'(x) -orbit of r y' <r . By definition, two elements 7', 7" G ^7 fl 

T((G', G), (r, r d )) have the same image if and only if 7' d ~ X 7". Thus, the 

induced map on ^-equivalence classes in S is an injection. It is easy to 
see that the images of f 2 and f 3 are the same. 

Now we consider the composition f^ 1 o f 2 o /£" . This furnishes a bijec- 
tion of the set of (stabo' (x)G Xi0+ , 7^)-double cosets containing an element 

of C into the set of ^-equivalence classes in S. If Q = stab G (x), then 
TC = stabij(x); the specified set of double cosets is the indexing set for 
the sum in (|6.1I) : and the set of equivalence classes is the indexing set for 
the sum in (16.81) . It is easy to check that the summands match term-by- 
term, so (|6.8I) holds. Similarly, we demonstrate (16.91 ) by taking Q = G (and 
observing that stabc(x) = G' when G'/Z(G) is F- anisotropic). □ 

We now prove a single-orbit result in the spirit of Murnaghan-Kirillov 
theory (see [|4l [T9ll47] - [50l ). When F has characteristic zero and p is large, 
the second statement is a special case of Theorem 5.3.1 of [|37l . 

Corollary 6.7. Suppose that there exists a bijection e : Uj/eB(G F) 8yfi+ — * 
UyeB(G f) Gy,o+ suc h that, for all y G B(G, F), the restriction e| fl q+ has 
image in G y>Q+ and satisfies Hypothesis IA. 71 (for all tame maximal F-tori T 
withy G B{T,F)). 
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Fix 7 G G such that 7 G G y ^ for some y G £>(G, F). if 7 G C7 iir (i.e., |f 
we may ta&e y = x), then 

Or{l) = 0,( 7 )[stab G (x) : K^ 1 deg^^V^))- 
IfQ'/Z{Q) is F -anisotropic and 7 is regular semisimple, then 
®Al)=Ml) deg(7r)/i^(e- 1 (7)). 

Here, (f^ ^ and fix* are defined with respect to the Haar measure on 
G/Z{G) normalized so that me&s(K a / Z (G)) = 1. 

Proof. Note that 7 trivially has a normal r-approximation, and that 7 <r = 1, 
so H = G. Since 7 = 7> r , we have that x G B r {^) if and only if 7 G G Xir . 
Put Y = e" 1 (7). If G 7 n G Xir = 0, then, by Hypothesis [AJ(I)| G Y D 



Q x , r = 0. Therefore, by Lemma HH p%.(Y) = 0. If also G'/Z(G) is 
F- anisotropic, then, by Theorem |6.4[ we have that # CT ( 9 7) = for g G G, 
hence (by the Frobenius formula) that 6^(7) = 0. 

Thus we may, and do, assume that 7 G G x>r . In particular, equation 
(16.11) holds, and the sum on the right-hand side of that equation has a single 
summand, so it becomes 

<EU) 9 T (l) = Ml)Umf^\Y) = Ml) deg{a)^ x f^\Y). 

Since r = Ind^* b °^ cr®(f) d , we have that deg(r) = [stab G (x) : K a ] deg(cr), 
so 

OAl) = d ( 7 )[stab G (x) : K a \~ x deg{r)^f G ^\Y). 

The second equality follows similarly from (16.21) and the fact that deg(7r) = 
meas(K a /Z(G))deg(a) = deg(cr). " □ 

7. The full character formula 

Here we unroll the inductive formulas from §§[5] and [6j preserving the 
hypotheses of $6] In particular, 7 is an element of G with a normal ra-i- 
approximation, which we fixed for definiteness. Thus, the elements 7 <ri are 
unambiguously defined for < i < d. Choosing such an approximation 
also fixes approximations to all truncations and conjugates of 7. 

Theorem 7.1. If x G B r (j), then 
(7.1) 

d-l 



0r(l) = Ml) <r d J (I! ^ <r^( 

i=0 



stab„i,(a;) 

i=0 i=0 
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IfG'/Z(G) is F -anisotropic and 7 G G is regular semisimple, then 



d-l 



QAl) = Ml) E C ^' <r d J (II ^ l<r>(^ l<n) 

(7.2) i=0 

d-l d-l 

>< (n^(^)) <,(7o) n^'fe 1 ^))) 

i=0 i=0 

Here, 

d—1 1/2 

i=0 

x f[7<r,;^,^+] GI+ i : b'< ri ; x ,n+] Gi G l +s. 



1/2 



and 

• jf^^' x and fi 1 ^* are defined with respect to the Haar measure 
on H ir /Z(G) normalized so that meas(K a . +1 n H u /Z(G)) = 1, 

• 7(i) = (7<r i+ i)>n < i < d — 1, and 

• 7( d _i) = 7>r d _ 1 - 

r/je swms are tafcen over ^-equivalence classes of elements 7' G stab o( a, )'y n 
T(G, r) (respectively, 7' G G 7 fl T(G, r) swc/z dza? x G J B rd _ 1 (7') j. 

The notations T(G, r) and ~ are as in Definitions 1 1.4.1 1 and !6.5l respec- 
tively. As in Corollary 16.61 we have written FT' in place of (7< r .) for 

< i < d. 

Note that, in particular, if G'/Z(G) is F-anisotropic, then the character 
of 7r is supported on conjugacy classes intersecting T(G,r). A similar 
statement holds for the character of r. 

Recall that the various roots of unity <S were defined and computed in 

As observed after Theorem 16.41 by Lemma IB.21 we may describe the 
orbital integrals over possibly disconnected groups in the above formula as 
sums of orbital integrals over connected groups. 

Proof. In this proof only, we write r<i for 00. This conflicts with the notation 
in the rest of the paper, but it makes the equations appearing below (for 
example, (17.310 simpler. 

For < % < d, we may apply Proposition 15.3.31 and Corollary 16 .61 with 
(G\ G i+1 ) in place of (G', G), to see that, for all 5 G stab G i+i (x) such that 
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x e B n (8), 

r • i 1 / 2 

O n+1 (S) = (j} i+ i{5)2^\l5 <r .;x,ri} Gi+1 : [5< ri ; x, r^G^,. 

x ^ ri )e(0i, 8' <n ) 



the sum taken over ^-equivalence classes of elements 5' E stab ai+ 1 ( x )6 n 
T((G*, G i+1 ), (r h r i+1 )). (The condition x E B ri (5') is automatically sat- 
isfied here.) Note that the set B Ti (5) and the equivalence relation ~ are both 
constructed in the setting of some ambient group, which is suppressed from 
the notation. However, it is easy to see that changing the ambient group 
from G to G* +1 corresponds simply to restricting the equivalence relation 

~; and, since x E £>(G* +1 , F), Lemma 8.2 of [6] shows that we do not need 
to worry about what is the ambient group for the construction of B n (S). 

Put y(°> = 7. We apply (*d-i) to describe 6 T (y) = Td {l) m terms of 
the values of 9 Td l at truncations of various conjugates of 7^ = 7<^ d ; 
then (*d-2) to describe each ^^(t 1 ') m terms of the values of 9 Td 2 at 
truncations of various conjugates 7^ of 7<r d _ i ; and so forth to obtain 
(7.3) 

8=0 



I 

d-l 

X 



i=0 

v~ 

I' 

d-l 

X 

i=0 



II 

,1-2 

X ' 



(n^(^))^(7a)n^ ,<w (^ i (^))' 



i=0 i=0 



III IV 
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the sum taken over the collection S of d-tuples ([7^ ^]i)._ Q with 7^ ') G 
stab Gi+1 (s) 7 ^-|-i) n T((G i ,G i+1 ),(r i ,r i+1 )) for < i < d. (Here, [5}i 
denotes the ^-equivalence class of an element 8 for < i < d.) 

If i G stab cW 7 n T(G,f), then S(j') := ([7< ri+1 ]^=o lies in S - U is 
an easy consequence of the definitions that, for 7" G sta - ha ( x )>y n T(G, f), 
we have S^') = £(7") if and only if 7' ~ 7". On the other hand, sup- 
pose that 7' = ([7^ d ~^]i) d = Q G 5. Then, by definition, there are elements 

gi G stab G i+i(x) such that 'y( d- = s< 7^~+i for < z < d. One checks 
that 7' := ao-ga-i^ e stab G (s) 7 n ^ and = ThuSj ^ induces 

a bijection from the set of ^-equivalence classes in stab G( x )ry n T(G, r) onto 
iS, so that we may regard the sum in (17.31) as running over the former set. 
Upon doing so, we notice that the product of terms (I) and (I') becomes 
c (0)T< r _ )• We calculate the remaining terms appearing in (17.31) as fol- 
lows. 

(II) This matches with the corresponding term in (17.11) . 

(III) Since M 7 ^J = Mt'kJWkJ and W<r ) = Wo)* this 
becomes (n£J & (7<rJ) ^ (To)- 

(IV) When we replace 7^"*) by 7< n+1 , the element 7> r ~ becomes (7< ri+1 )> ri = 
7^, even when i = d — 1 (because we have set r d = 00 in this proof). 
Thus, this matches up with the corresponding term in (IV .lb . 

Since (17.31) holds, and can be matched term-by-term with (17.11 ), we also 
have that (1711 holds. 

The argument carries over essentially unchanged to prove (17.21) holds. 
We sketch the few minor differences. Instead of using we apply 

Proposition [533] and Corollary !6.6l to obtain 

(**cJ-l) 

x [b&Li^^-i+l : [7<r d _i; a; ' r d-i+lG^i G ^ d -i+ 
xg(^ ll7 !!»J £ (^Wj 

x^ d _ 1 (7^J/ift;>; 1 (7?L)), 

the sum taken over ^-equivalence classes of elements 7W G G 7flT((G', G), (r, 
such that x G ^ ^7^^). We then apply (*d-2), ■ ■ (*o) as before to ob- 
tain a sum over a collection of rf-tuples {[j^ 1 ^]^!, but this time we re- 
quire only that 7^) G n T((G\G m ), (r i; r m )) and x G 
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B ri (y(' for < i < d (that is, we allow y( d ~v to range over a G' l+1 -, not 
just a stab G i+i(s)-, orbit). The key point here is that G %+1 = stab G <+i(x) 
unless i = d— 1 . Again, we use (a natural extension of) the map S to identify 

this collection of d-tuples with the set of ^-equivalence classes of elements 
i G G 7 n T (G, r) with x G B r (j'). Finally, we note that p' = ir' . □ 



Appendix A. Mock-exponential map 

In this section, G is a reductive algebraic F-group (possibly discon- 
nected) that splits over a tame extension of F. We state below two useful 
hypotheses (Hypotheses IA.1I and IA.7I ) regarding mock-exponential maps. 
Proposition IA.8I will show that the first always holds, and the second holds 
when G is connected. (Note that, with appropriate modifications in the 



statement of Hypothesis A. 1 (6) , these hypotheses also make sense for groups 



that are not tame. However, they are not always satisfied for such groups.) 
Hypothesis A.l. There exists a family 

( e x,t:u '■ Lie(G) (E) Xi t:u > G(E) x j:u)E/F finite and tamely ramified 



t,u£U >0 
t<u<2t 



of isomorphisms such that, given 

• a finite, tamely ramified extension E/F, 

• x e B(G,E), 

• ti, £ 2 , U\ G M>o with t\ <U\ < 2ti, 

• X, G Ue{G)(E) Xtt . for j = 1,2, and 

• 9j e e^ ;:/ .(.V ; ) for / = 1,2, 
the following statements hold. 

(1) If L is a field intermediate between E and F and x G B(G, L), 
then the restriction of ej \ tl , Ul to Lie(G)(L) x , tl!U1 is e^ tl . ui . 

(2) If E/F is Galois, then ef is Gal(E/F)-equivariant. 

(3) If u 2 G § >0 and h < t 2 < u 2 < u x < 2t u then e^ tl . Ul {X 2 ) C 

(4) (Ad(^) - l)X 2 G (e; (tl+t2):(tl+t2)+ )- 1 [^i^2]. 

(5) [X U X 2 ] G (ef 

(6) If 

• T is a tame maximal F-torus, 

• x G B(T,£), 

• / is a Gal(F sep /_E')-invariant concave function on $(G,T), 
and 

• h < f(a) < mi for all a G $(G, T), 
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then e xtl . Ul restricts to an isomorphism of the image in Lie(G) (E) Xjtv . Ul 
of T Ue(G)(E) xJ with the image in G^)^^ of T G(E) xJ . 
(For convenience, we have regarded e x t also as a function on Lie(G) (E) x>tl . 



) 



We will often suppress a superscript F, writing e x jt:u instead of e 



x,t:u 



Remark A.2. Note that, with the notation of Hypothesis |A.1(4)[ Ad(h)X = 
X (mod Lie(G)(-E) X)tl+t2 ). Analogous statements for Int and ad are proven 
in Proposition 1.4.1 of |fl"fl. 

Remark A. 3. Given Hypothesis |A.1(1)[ it suffices to verify Hypotheses 
A. 1 (2)| - [A. 1 (6)| only for E "sufficiently large tame Galois", in the sense that, 
given a finite, tamely ramified field extension E/F, there is a finite, tamely 
ramified Galois superextension M/F of E/F for which the hypotheses 



hold. Indeed, it is a straightforward application of Hypothesis A.l(l) that 



if Hypotheses |A.1(2)] - |A. 1(5)| hold for such an M, then they hold for E as 
well. 

Now let E, x, ti, and u\ be as usual, and let T and / be as in Hypothesis 



A.l(6)[ Let M/F be a (finite, tame) Galois superextension of E/F such 
that Hypothesis |A. 1 (6)1 is satisfied for M, x, t\, U\, T, and /. By further 
enlarging M if necessary, we may, and do, assume that G is M-split. 

Let ui be the constant function on $(G, T) with value u\. By assump- 
tion, e* f ti:Ul induces an isomorphism of t Lie (G)(M) x j- Ml with T G(M) I j ;il . 
By Hypothesis |A.1(2)| the isomorphism is Gal(M/F)-, hence certainly 
Gal(M/ E)-, equivariant; so we obtain an isomorphism T Lie(G) (M)^ 1 ^ 7 — > 
T G(M)^* /E) . By Proposition 5.39 of [6J, we have H l (M/F, T G(M) X ^) = 

{0}, so that the codomainof the isomorphism is t G(M)^} 1(m/b) /tG(M)^ 1 i (m/jB) . 
By Lemma 5.33 of loc. cit., this is just tG(E) x j. Mi . A similar, but easier, 
calculation shows that the domain of the isomorphism is T Lie(G) (E) x j. Ml . 



Thus, Hypothesis |A. 1 (6)| is satisfied for E, x, t±, u±, T, and /, as desired. 

For the next three results, suppose that 

• E/F is a finite, tamely ramified extension, 

• T is a tame maximal E'-torus in G, 

• x G B(T,E), 

• t, u G M>o with t < u < 2t, and 

• e xt-u i s as m Hypothesis |A.1[ 

Lemma A.4. Suppose that H z'^ a reductive E-subgroup ofG containing T. 
Then e xt . u restricts to an isomorphism ofLie(H)(E) X)t . u with H(E) Xjt . u . 



Proof. Apply Hypothesis |A. 1 (6)| with / the concave function on $(G, T) 
that takes the value t on $(H, T) and u elsewhere. □ 
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Lemma A.5. IfY G Ue(T)(E) t and h G e^ t:t+ (Y) n T{E), then a{h) - 
1 = da(Y) (mod E t+ )for a G $(G, T). 

Proof. Fix a G $(G,T) and choose a non-zero, positive-depth element 
X G Lie(G)(£?) w . Put t' = d x (X), and let g be an element of ef t ,. t , + (X). 
Then, by Hypotheses |A. 1 (4)] and |A. 1 (5)| we have that 

{a(h) - 1)X = (Ad(h) - l)X 

and 

cfa(F)X = [Y,X] 

liein(ef (w , ):(t+t , )+ )- 1 [/i,^],so(a(/i)-l)X = rfa(F)X (mod LiefG)^)^ 
Since X Lie(G)(E) Xtt >+, we have a(/i) - 1 = da(Y) (mod E t+ ). □ 

Lemma A.6. Suppose that T i's E-split and a G $(G, T). TTzen ef t:u 
induces an isomorphism of E^(a+ty(a+u) with EU( a+ ty.{a+u), where, for c G 
R, a + c denotes the unique affine root with gradient a satisfying (a + 
c) (x) = c. 



Proof. Apply Hypothesis |A. 1 (6)1 with / the concave function on $(G, T) 
that takes the value t at a and u elsewhere. □ 

Hypothesis A.7. There exists a family 

i^T.x '■ 02,0+ y G x 0+)t a tame maximal F-torus in G 

xeB(T,F) 

of bijections such that, given 

• a tame maximal F-torus T in G, 

• x G B(T,F), 

• t G R >0 , and 

• X G 0a; )t , 

the following statements hold. 

(1) If u G § >0 with t < u < 2t, then e T:X (X) G e^^X). 

(2) For g E G, we have 9 X G 0^ if and only if 9 (e T , x {X)) G , 
in which case 9 (e Ti:E (X)) g e^+^X). 

(3) If H is a reductive F-subgroup of G containing T, then e TjX (f) x ,o+) 
H x ,o+ ■ 

Proposition A.8. Hypothesis \A. l\ holds. If G is connected, then Hypothesis 
\A.7\ also holds. 

In fact, one can imitate the argument of Proposition 1.6.7 of [fTJ to show 
that Hypothesis lA.7l holds even if G is not assumed to be connected; but we 
do not need to do so here. 
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Proof. The only difference between the hypotheses in question for G and 



G° is in Hypothesis |A.7(2)[ , so it suffices to assume throughout that G is 
connected. 

See 03 §1.5] for a description of a family of bijections 



{¥>T(E),x;t,u ■ Lie(G)(E) 



x,t:u * G(E) Xtt:u ) E/F finite and tamely ramified 
T a tame maximal _B-torus in G 
x£B(T,E) 

t,u£R 
t<u<2t 



(in fact, of isomorphisms, by Proposition 1.6.2(a) of loc. cit.). By Corollary 
1.6.6 of loc. cit., given E, x, t, and u, the map ipT(E),x-,t,u does not depend 
on the choice of tame maximal F-torus T such that x E B(T, E); so we 
may write e x t:u = fT(E),x-,t,u for any such choice. These maps are the 
Moy-Prasad isomorphisms. It is easy to extend the definition of e x t . u to all 
t,u G§ (not just t, u E R) satisfying t < u < 2t. 



By construction, the resulting family satisfies Hypotheses |A. 1(1 )|4A. 1 (3) 



Hypothesis |A. 1(5)1 is .) ust Proposition 1.6.2(b) of Qj. Hypothesis |A. 1 (4) 



is 



Propositions 1.6.2(b) and 1.6.3 of loc. cit. By Remark lA.31 it suffices to 



show Hypothesis |A.1(6)| in case G is F-split, in which case it follows (as 
in the proof of Proposition 1.9.2 of [Q]|) from Definition 5.13 of (6l and the 
construction of e x t . u . 

In 03 §1.5] one also finds a family of bijections 



(fT,x '■ £)x,CM 



x,0+ )Ta tame maximal _F-toras in G 
xEB(T,F). 



For fixed T and x, the bijection Lp T ,x is constructed (as in §1.3 of loc. cit.) 
from the various bijections e x ^-t+ after choosing representatives of the g Xi t+- 
cosets in Q X)t and the G^t+'COsets in G X)t for t E R, Regardless of the 
choice of representatives, the construction ensures that the maps eT,x := 
(pr x satisfy Hypothesis |A.7(1)| and it is observed in Remark 4.1.1 of JH 



that they satisfy Hypothesis |A.7(2)| However, we must make our choices 



with some delicacy to ensure that Hypothesis |A.7(3)| is satisfied. 

The choices are made as follows. Fix t 6 R. Note that, if { H J | j E J} 
is a family of (not necessarily connected) reductive F-subgroups of G con- 
taining T, then Qje j ^ s a ^ so ( n °t necessarily connected) reductive; and, 
by Lemma 5.29 of [6], 

f)Hl,G Xtt+ = f)(^°,G)^ +) = ((f|^)°,G) 



c 



x,(t,t+) 



(n 



n x± 



G x 



x,t+ 



Thus, if g E G Xjt , then there exists an element h E gG X:t+ such that h E 
H whenever H is a reductive F-subgroup of G containing T such that 
H n gG Xit + 7^ 0. We choose any such element h as the representative 
for the coset gG Xyt + ■ Similarly, we choose, for every X E g Xtt , a coset 
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representative Y for X + Q X)t+ such that Yet) whenever H is a reductive 
F-subgroup of G containing T such that t) n X + g x>t+ ^ 0. 

By Lemma IA.41 if t e K, X e g Xj t , and g e G Xjt , then the sets of 
reductive F-subgroups H of G, containing T, such that t) fl X + q x j+ 7^ 0, 
and such that H fl gG Xjt+ 7^ 0, are the same. Thus it follows from the 



construction that Hypothesis A.7(3) is satisfied for e T x . □ 



Appendix B. An orbital-integral formula 

In this section, suppose that 

• G is a reductive algebraic F-group (possibly disconnected), split 
over a tame extension of F, satisfying Hypotheses |A. 1 1 and IA.71 

• (x,r) e B(G,F) x R >0 , 

• X* e 0* _ r \ 0*_ r)+ satisfies condition GE1 of (65l §8], 

• is a linear character of G XjT:r+ , and 

• cf) o e x ^ r:r+ = A o X*. 

Note that, by Proposition IA.81 the requirement that G satisfy Hypothesis 
IA.1I is superfluous. Put G' = Cg(X*)°. We choose, arbitrarily, a tame 
maximal F-torus T with x e B(T, F), and write e x = e T >x , where e T x is 
as in Hypothesis IA.71 (The resulting map will depend on our choice of T, 
but this dependence will not affect our proof.) 

Lemma B.l. Suppose that 

• d e M>o with d < r, 

• he G Xy( i, cmd 

• [h,(p] is trivial on G x ^ r -d ■ 
Then h e (67', G) x ^ d4+) . 

Here, [h, 0] is the character g 1-* 0([/i _1 , g]) of G x ^ r -d . 

Proof. Fix X e Q x , r -d , and let g be any element of e x . (r _ d):(r _ d)+ (X). By 
Hypothesis |A.1(4)[ [hr x ,g\ belongs to e a . ir:r+ ((Ad(/i) _1 - l)X), so 

l = [h^](g)=^[h-\g}) 

= A(X*((Ad(h)- 1 - 1)X)) = A((Ad*(/i) - 1)X*(X)). 
Since X e Q x , r -d was arbitrary, we have (Ad*(h) — 1)X* e g* ( d _ r ) + • By 



Lemma 8.4 of 11651 (the proof of which uses only condition GE1, not the 
full definition of genericity), h e (G', G) x ^ dtd+ ). □ 

Since it is often easier to work with orbital integrals over connected 
groups than over disconnected ones, we present a basic result describing 
a G-orbital integral as a sum of C7°-orbital integrals. Choose an invariant 
measure dh on G/C G (X*). Fix g e G. Then dh affords a natural choice 



SUPERCUSPIDAL CHARACTERS 69 

of invariant measure on G/ 9 C G (X*) = G/C G ( 9 X*). Since G°/C G °( 9 X*) 
embeds naturally as an open subset of G/C G ( 9 X*), it inherits this invariant 
measure. For convenience, we will write again dh for the various measures 
occurring in this way. We will take all orbital integrals with respect to these 
measures. Notice that the induced measure on each G/Cg( 9 X*)G° is just 
counting measure. 

Lemma B.2. We have that (1% = [C G (X*) : C G o(X*)]' 1 J2 geG/G o fiTx- 

The statement may be interpreted as an equality of distributions, or of 
functions. We will prove the equality of distributions; that of functions 
follows immediately. 

Proof. For / 6 C£°(fj), we have that 

/&(/)=/ H h x*)dh 

jg/c g (x*) 

= £ / f( 9h x*)dh 

= [C G {X*):C G °{X*)}- 1 V / f( 9h X*)dh. 

JG°ICno(X*) 



g€G/G° 



Forfixedg e G, the inner integral is just f G o/c GO tgjc*) f( h9 X*)dh = p-? x *(f)- 
The result follows. □ 

Remark B.3. Our result as stated does not actually require that X* satisfy 
condition GE1 of ll65l §8], only that the relevant orbital integrals converge. 
In particular, the result holds for any semisimple X*. 

Compare the next result to Lemma 6.3.5 of Hi. 

Lemma B.4. Suppose that 

• G' I 'Z(G') is F '-anisotropic, 

• Z is a cocompact subgroup of Z(G°) that is normal in G, 

• 1C is a compact open subgroup of G° , and 

• Ye Uj/gh(g f) 3y,r i s regular semisimple. 
IfY E Q Xt r and 7 = e^Y), then 

Ax* 00 — / / [G x , r ]{ 9k l)k 9k l)dkdg, 

JG/Z Jk 

where dg is a Haar measure on G/Z and dk is the Haar measure on K,, 
normalized so that meas /C = 1. If G Y (H Q XiJ . = 0, then 

fix*(Y) = 0. 
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When Y G Q x>r , the notation of the lemma is meant to convey that the 
integrand equals <j){ 9k ^) if 9k -f G G XjT , and equals otherwise. 

Proof. Since G XjT = G° x r , and since, for g G G, replacing X* by g X* has 
the effect of changing (ptocf) 9 , we see by Lemma lR2l that it suffices to prove 
this result in case G is connected. 

The map g i— > min {d x ( kl9k2 Y) | ki G G x>0+ , k 2 G K) on G is locally 
constant. For t G R U {oo}, denote by G(t) the preimage of t under this 
map, and put 

I(t) = [ [ A(X*( 9k Y))dkdg 

JG{t)/Z JK 

and 

I'(t)= [ [ [g x , r }( 9k Y)A(X*( 9k Y))dkdg. 

JG(t)/Z JK 

We show that I(t) = I'(t) for t G R U {oo}. 

Fix t G R U {cxd}. If t > r, then the desired equality is obvious, so we 
may suppose that t < r. Denote by t = to < t\ < ■ ■ ■ < t m the distinct 
values of d x in [t,r). Given a compact open subgroup KJ of G such that 
k'G(t) = G(t) for all k' G K! (for example, an open subgroup of C7 Xj o+) 5 
we have 

/(*) = [£' :K"\ [ [ [ A(X*( k ' 9k Y))dkdk'dg 

JG(t)/Z JK" JK 

J2 f f A{X*{ k ' h9k Y))dkdk' dg 

G ^/ Z h£K"\K> J!C " JlC 



A(X*( k ' 9k Y))dkdk'dg 

I [ A(X*( k ' 9k Y))dk' dkdg, 

JK JK' 



G(t)/Z JK' JK 



'G(t)/Z 

where K" — K' fl G x t r -t)+ an d dk' is the Haar measure on /C, normalized 
so that meas(/C') = 1. An easy generalization allows us to handle several 
subgroups /Cq, . . . , K' m as above, so we obtain 

(**) 

I(t)= ! [I ... I A(X*( hm - h09k Y))dh ---dh m dkdg, 

JG(t)/Z JK J G Xt r — t m JG Xt r — t 

where, for j = 0, . . . , m, dhj is the Haar measure on G Xyr _ tj normalized 
so that mea,s(G X:T - tj ) = 1. Now fix g G G(t) and k G K,, and put 
Y = gk Y. Then either [g Xir ](y) = 1, or there is < j < m such that 
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d x (Y) = tj (in particular, Y G" Q x ,t +)■ I n me latter case, fix hi G G x>r - ti 
for < i < m. By Remark |A.2[ we have that hj Y — Y G Q x ^ r and (since 
hj-x ■■■h G G^r-tj-i QJ2x,(r-tj)+) also that ^-^Y - Ye Q x , r + , 
hence that %( A 3-i-'K)y _ Y) G fl x ,r+ • Thus, by another application of 
Remark 

h m "-hoy h m ---hj+iy 

_ h m —hj-\-\ (h.j ^hj-i--hoY y) -\- h iY Y\ 

e h *Y-Y + g X)r+ . 

That is, 

A(X*( h ™- ho Y)) = A(X*( fem -^ +i r))A(X*(^f - Y)), 
so the inner integrals in (**) are a constant multiple of 

(***) / A{X*( h iY-Y))dhj. 



I A(X* 

J G x ,r — t^ 



Now, for hj, h'j G G Xtr ^ tp we have by Remark IAT21 that iY — Y G Q x>r , so 

WjY — Y = hj ( h 'iY -Y) + ( hj Y - Y) 

e (^y _y) + (hiy_y) +fl!BiP+ . 

That is, (/)y : hj i— > A(X*('^y — K)) is a homomorphism on G x ^ r - tj ; so 
(***) equals unless <£> y is trivial there. 

Suppose that it is trivial. Choose^ G e x . )4j:tj + (F). By Hypothesis |A. 1(4)] , 

[hj,l] G e Xjr:r+ ((Ad(hj) - 1)Y), so 

[r 1 ,^]^) = kih^l])- 1 = HX*((Ad(hj) - l)?)- 1 = 1, 

for hj G G x>r -t ■ That is, [7 -1 , <j>\ is trivial on G Xjr _ t ! so, by Lemma iBTl 
7 G (C7 / ,67) :Cifei i i+) . Then Hypothesis |A.1(6)| gives Y G (g', g) X| (t i)tj+ ). On 
the other hand, Y G g r C g tj . + . Therefore, by Corollary 3.7.8 of 0, we 
have that y G gj. + + g x ,t j+ . Since G'/Z(G') is F-anisotropic, we have 

that g' tj+ = q' x ^ + C g^^ , so in fact K G g a ,,i j + , a contradiction. 
We have shown that 

/ ••• / A(X*( h ™- ho Y))dh ---dh m 
Jg 



Gx,r — t m " Gx 



r-t Q 



(const) I A{X*{ h iY - Y))dhj = 
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whenever Y E 1 Q x ^ r . Thus I(t) = I'(t). By a theorem of Huntsinger (see flU 
Appendix A]), p, x *(Y) = £ teRu{oo} so A** 00 = £ teRu{oo} I '( t )- 
In particular, if G Y n Q x , r = 0, then p, x * {Y) = 0. 

Now suppose that Y E Q x>r . By Hypothesis |A.7(2)[ 9k ^ E G X)J - if and 
only if gk Y E g x , r , in which case gk ^y belongs to e Xj1 .. r+ ( 9k Y). Recall that 

<\> ° £x,r:r+ = A O X* On Q x ^r:r+ ■ ThuS 

[G x A{ 9k lW k l)dkdg 

Q x ,.]( gk Y)A(X*( gk Y))dkdg 

= £/'(*) = /*.(y). □ 



GjZ JK 

J k 
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Index of notation 



I 


p. El 


d x (0) , a character 


p.m 


s g n F 


p.m 


G* 


p.m 


ord 


p.m 


X 


p.m 


fF, f 


p.m 


n 


p.m 


P 


p.m 




p.m 




p.m 


Si 


p.m 


psep 


p.m 


K* 


p.m 


A 


p.m 


J\ J\ 


p.m 


Px* 


p.! 


p'i 


p.m 


p.m 


T[i 


p.m 


stab^(x) 


<t>i 


p.m 


$(G,T), $(G,T) 


p.m 


X* 


p.m 


Lie(G) Q , g a 


P-El 


4>i 


p.m 


U a , a a root 


p.m 




p.m 


^+ 


P-El 


O'i 


p.m 


eU<p, U^, ip an affine rool 


rrn 

: p.E 


n 


p.m 


filti/,, ity 


P-I2J 


a 


p.m 


d x 


P-I9] 


K 


p.m 




1771 

P-[9] 


J 


p.m 


^x,t:ui ^x 


^ [ol 


J+ 


p.m 


TCTxJ 


r> 1 1 r\i 
P-llUI 


p' 


p.m 


xLie(G%,/ 


p.[[o] 


a 


p.m 


x.r 


p.[10] 


T 


p.m 




p.LLOl 


r, s, 


p.LLoJ 




n nrn 


Y* X 


p.LLoJ 


Lie(G Xjr -) 


p.nni 




p.[H 


(7), Q (7) 




K, K a , J, J + 


p.m 


rm 

p.du 


pf, a, r, 7r 


p. us 


Zg (t), 4 (7) 




^0 


« 1101 


7<r, 7>r 


P-El 


P 


p.m 


(7) 


P-ECD 

i 1 1 


^(0,7) 




[7;x,r] 


p. an 


p.m 


[7;x,r] 0) 


p.E] 


j{g), 3^(9) 


p.m 


[7;z,rJ G „ h^^lc' 


p.HH 


i(g), t(g), i^{g), t L (g) 


p.m 


T(G,r) 


p.nn 








0(0,7), 0(0,7) 


p.m 


e ff 


p. 


i 






p.m 










x,t:u 

£t,x 


p.m 
p.m 
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